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A SURVEY ON GEOMETRY OF WARPED PRODUCT
SUBMANIFOLDS
BANG-YEN CHEN
Abstract. The warped product N1 ×f N2 of two Riemannian manifolds
(N1, g1) and (N2, g2) is the product manifold N1 × N2 equipped with the
warped product metric g = g1 + f2g2, where f is a positive function on N1.
The notion of warped product manifolds is one of the most fruitful gener-
alizations of Riemannian products. Such notion plays very important roles
in differential geometry as well as in physics, especially in general relativity.
Warped product manifolds have been studied for a long period of time. In
contrast, the study of warped product submanifolds was only initiated around
the beginning of this century in a series of articles [36, 39, 40, 43]. Since then
the study of warped product submanifolds has become a very active research
subject.
In this article we survey important results on warped product submanifolds
in various ambient manifolds. It is the author’s hope that this survey article
will provide a good introduction on the theory of warped product submanifolds
as well as a useful reference for further research on this vibrant research subject.
Table of Contents
1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
2. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
3. Warped product submanifolds of Riemannian manifolds . . . . . . . . . . . . . . . . 6
4. Multiply warped product submanifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
5. Arbitrary warped products in complex space forms . . . . . . . . . . . . . . . . . . . .10
6. Warped products as Ka¨hlerian submanifolds . . . . . . . . . . . . . . . . . . . . . . . . . . 13
7. CR-products in Ka¨hler manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
8. Warped product Lagrangian submanifolds of Ka¨hler manifolds . . . . . . . . 15
9. Warped Product CR-submanifolds of Ka¨hler manifolds . . . . . . . . . . . . . . . 16
10. CR-warped products with compact holomorphic factor . . . . . . . . . . . . . . . .18
11. Another optimal inequality for CR-warped products . . . . . . . . . . . . . . . . . . 20
12. Warped Product CR-submanifolds and δ-invariants . . . . . . . . . . . . . . . . . . . 21
13. Warped product real hypersurfaces in complex space forms . . . . . . . . . . . .22
14. Warped Product CR-submanifolds of nearly Ka¨hler manifolds . . . . . . . . .25
15. Warped product submanifolds in para-Ka¨hler manifolds . . . . . . . . . . . . . . . 26
16. Contact CR-warped product submanifolds in Sasakian manifolds. . . . . . 28
17. Warped product submanifolds in affine spaces . . . . . . . . . . . . . . . . . . . . . . . . .30
18. Twisted product submanifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
19. Related articles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
20. References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2000 Mathematics Subject Classification. 53C40, 53C42, 53C50.
Key words and phrases. Warped product submanifold, CR-warped product, twisted product
submanifold.
1
2 B.-Y. Chen
1. INTRODUCTION
Let B and F be two Riemannian manifolds equipped with Riemannian metrics
gB and gF , respectively, and let f be a positive function on B. Consider the product
manifold B×F with its projection π : B×F → B and η : B×F → F . The warped
productM = B×fF is the manifold B×F equipped with the Riemannian structure
such that
(1.1) ||X ||2 = ||π∗(X)||2 + f2(π(x))||η∗(X)||2
for any tangent vector X ∈ TxM . Thus we have g = gB + f2gF . The function f is
called the warping function (cf. [21]). The concept of warped products appeared
in the mathematical and physical literature long before [21], e.g., warped prod-
ucts were called semi-reducible spaces in [92]. It is well-known that the notion of
warped products plays important roles in differential geometry as well as in physics,
especially in the theory of general relativity (cf. [54, 119]).
According to a famous theorem of J. F. Nash, every Riemannian manifold can
be isometrically immersed in some Euclidean spaces with sufficiently high codimen-
sion. In particular, Nash’s embedding theorem implies that every warped product
manifold N1 ×f N2 can be isometrically embedded as Riemannian submanifolds in
Euclidean spaces with sufficiently high codimension.
In view of Nash’s theorem, the author asked in early 2000s the following funda-
mental question concerning warped product submanifolds (see [43]).
Fundamental Question: What can we conclude from an arbitrary isometric
immersion of a warped product manifold into a Euclidean space with arbitrary codi-
mension ?
Or, more generally,
What can we conclude from an arbitrary isometric immersion of a warped product
manifold into an arbitrary Riemannian manifold ?
The study of this fundamental question on warped product submanifolds was
not initiated until the beginning of this century by the author in a series of articles
[36, 39, 40, 43]. Since then the study of warped product submanifolds has become
a very active research topic in differential geometry of submanifolds.
In this article we survey the most important results on warped product subman-
ifolds in various manifolds, including Riemannian, Ka¨hler, nearly Ka¨hler, para-
Ka¨hler and Sasakian manifolds. It is the author’s hope that this survey article will
provide a good introduction on the theory of warped product submanifolds as well
as a useful reference for further research on this subject.
2. PRELIMINARIES
In this section we provide some basic notations, formulas, definitions, and results
for later use.
2.1. Basic notations and formulas. Let M be an n-dimensional submanifold of
a Riemannian m-manifold M˜m. We choose a local field of orthonormal frame
e1, . . . , en, en+1, . . . , em
in M˜m such that, restricted toM , the vectors e1, . . . , en are tangent toM and hence
en+1, . . . , em are normal to M . Let K(ei ∧ ej) and K˜(ei ∧ ej) denote respectively
the sectional curvatures of M and M˜m of the plane section spanned by ei and ej.
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For the submanifold M in M˜m we denote by ∇ and ∇˜ the Levi-Civita connec-
tions of M and M˜m, respectively. The Gauss and Weingarten formulas are given
respectively by (see, for instance, [27, 54])
∇˜XY = ∇XY + σ(X,Y ),(2.1)
∇˜Xξ = AξX +DXξ(2.2)
for any vector fields X,Y tangent to M and vector field ξ normal to M , where σ
denotes the second fundamental form, D the normal connection, and A the shape
operator of the submanifold.
Let {σrij}, i, j = 1, . . . , n; r = n+ 1, . . . ,m, denote the coefficients of the second
fundamental form h with respect to e1, . . . , en, en+1, . . . , em. Then we have
σrij = 〈σ(ei, ej), er〉 = 〈Aerei, ej〉 ,
where 〈 , 〉 denotes the inner product.
The mean curvature vector
−→
H is defined by
−→
H =
1
n
traceσ =
1
n
n∑
i=1
σ(ei, ei),(2.3)
where {e1, . . . , en} is a local orthonormal frame of the tangent bundle TM of M .
The squared mean curvature is then given by
H2 = 〈−→H,−→H 〉 .
A submanifold M is called minimal in M˜m if its mean curvature vector vanishes
identically.
Denote by R and R˜ the Riemann curvature tensors of M and M˜m, respectively.
Then the equation of Gauss is given by
(2.4)
R(X,Y ;Z,W ) = R˜(X,Y ;Z,W ) + 〈σ(X,W ), σ(Y, Z)〉 − 〈σ(X,Z), σ(Y,W )〉
for vectors X,Y, Z,W tangent to M . In particular, for a submanifold of a Rie-
mannian manifold of constant sectional curvature c, we have
(2.5)
R(X,Y ;Z,W ) = c{〈X,W 〉 〈Y, Z〉 − 〈X,Z〉 〈Y,W 〉}
+ 〈σ(X,W ), σ(Y, Z)〉 − 〈σ(X,Z), σ(Y,W )〉 .
LetM be a Riemannian p-manifold and e1, . . . , ep be an orthonormal frame fields
on M . For differentiable function ϕ on M , the Laplacian ∆ϕ of ϕ is defined by
(2.6) ∆ϕ =
p∑
j=1
{(∇ej ej)ϕ− ejejϕ}.
For any orthonormal basis e1, . . . , en of the tangent space TpM , the scalar cur-
vature τ of M at p is defined to be
τ(p) =
∑
i<j
K(ei ∧ ej),(2.7)
where K(ei ∧ ej) denotes the sectional curvature of the plane section spanned by
ei and ej .
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Let L be a subspace of TpM of dimension r ≥ 2 and {e1, . . . , er} an orthonormal
basis of L. The scalar curvature τ(L) of the r-plane section L is defined by
τ(L) =
∑
α<β
K(eα ∧ eβ), 1 ≤ α, β ≤ r.(2.8)
2.2. δ-invariants. For a Riemannian n-manifoldM , let K(ψ) denote the sectional
curvature associated with a 2-plane section ψ ⊂ TxM, x ∈M . For an orthonormal
basis {e1, . . . , en} of TxM , the scalar curvature τM of M at x is defined to be
τM (x) =
∑
i<j
K(ei, ej).(2.9)
Let L be a r-subspace of TxM with r ≥ 2 and {e1, . . . , er} an orthonormal basis
of L. We define the scalar curvature τ(L) of L by
τ(L) =
∑
α<β
K(eα, eβ), 1 ≤ α, β ≤ r.
For an integer k ≥ 0 let S(n, k) denote the set consisting of unordered k-tuples
(n1, . . . , nk) of integers ≥ 2 such that n > n1 and n1 + · · · + nk ≤ n. Denote by
S(n) the set of unordered k-tuples with k ≥ 0 for a fixed n.
For each k-tuple (n1, . . . , nk) ∈ S(n), the δ-invariant δ(n1, . . . , nk)(x) is defined
by
δ(n1, . . . , nk)(x) = τM (x)− inf{τ(L1) + · · ·+ τ(Lk)},
where L1, . . . , Lk run over all k mutually orthogonal subspaces of TxM such that
dimLj = nj , j = 1, . . . , k.
Some other invariants of similar nature, i.e., invariants obtained from the scalar
curvature by deleting certain amount of sectional curvatures, are also called δ-
invariants. For a general survey on δ-invariants and their applications, see the
recent book [54].
2.3. Complex extensors. We recall the notions of complex extensors and La-
grangian H-umbilical submanifolds introduced in [33].
Let G : Np−1 → Ep be an isometric immersion of a Riemannian (p−1)-manifold
into the Euclidean p-space Ep and let F : I → C∗ be a unit speed curve in C∗ =
C− {0}. We extend G : Np−1 → Ep to an immersion of I ×Np−1 into Cp as
F ⊗G : I ×Np−1 → C⊗ Ep = Cp,(2.10)
where (F ⊗G)(s, q) = F (s) ⊗G(q) for s ∈ I, q ∈ Np−1. This extension F ⊗G of
G via tensor product is called the complex extensor of G via F .
A Lagrangian submanifold of M˜p without totally geodesic points is called H-
umbilical if its second fundamental form takes the following simple form (cf. [33]):
(2.11)
σ(e¯1, e¯1) = λJe¯1, σ(e¯j , e¯j) = µJe¯1, j > 1,
σ(e¯1, e¯j) = µJe¯j, σ(e¯j , e¯k) = 0, 2 ≤ j 6= k ≤ p
for some functions λ, µ with respect to a suitable orthonormal local frame field
{e¯1, . . . , e¯p}. Such submanifolds are the simplest Lagrangian submanifolds next to
the totally geodesic ones.
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Example 2.1. (Lagrangian pseudo-sphere ) For a real number b > 0, let F : R→ C
be the unit speed curve given by
F (s) =
e2bsi + 1
2bi
.
With respect to the induced metric, the complex extensor φ = F ⊗ ι of the unit
hypersphere of En via F is a Lagrangian isometric immersion of an open portion
of an n-sphere Sn(b2) of sectional curvature b2 into Cn which is simply called a
Lagrangian pseudo-sphere.
A Lagrangian pseudo-sphere is a Lagrangian H-umbilical submanifold satisfying
(2.11) with λ = 2µ. Conversely, Lagrangian pseudo-spheres are the only Lagrangian
H-umbilical submanifolds of Cn which satisfy (2.11) with λ = 2µ.
Example 2.2. (Whitney sphere ) Let w : Sp(1) → Cp be the map of the unit
p-sphere into Cp defined by
w(y0, y1, . . . , yp) =
1 + iy0
1 + y20
(y1, . . . , yp), y
2
0 + y
2
1 + . . .+ y
2
p = 1.
The map w is a (non-isometric) Lagrangian immersion with one self-intersection
point which is called the Whitney p-sphere. The Whitney p-sphere is a complex
extensor φ = F ⊗ ι of ι : Sp−1(1) ⊂ Ep via F , where F = F (s) is an arclength
reparametrization of the curve f : I → C defined by
f(t) =
sin t+ i sin t cos t
1 + cos2 t
.
It is well-known that, up to rigid motions and dilations, the Whitney sphere
is the only Lagrangian H-umbilical submanifold in Cp which satisfies (2.11) with
λ = 3µ.
The following results from [33] are fundamental for complex extensors.
Proposition 2.1. Let ι : Sp−1 → Ep be a hypersphere of Ep centered at the origin.
Then every complex extensor φ = F ⊗ ι of ι via a unit speed curve F : I → C∗ is a
Lagrangian H-umbilical submanifold of Cp unless F is contained in a line through
the origin (which gives a totally geodesic Lagrangian submanifold ).
Theorem 2.1. Let n ≥ 3 and L : M → Cn be a Lagrangian H-umbilical isometric
immersion. Then we have:
(1) If M is of constant sectional curvature, then either M is flat or, up to rigid
motions of Cn, L is a Lagrangian pseudo-sphere.
(2) If M contains no open subset of constant sectional curvature, then, up to
rigid motions of Cn, L is a complex extensor of the unit hypersphere of En.
2.4. Warped product immersion. Suppose that M1, . . . ,Mk are Riemannian
manifolds and that
f :M1 × · · · ×Mk → EN
is an isometric immersion of the Riemannian productM1×· · ·×Mk into Euclidean
N -space. J. D. Moore [103] proved that if the second fundamental form σ of f
has the property that σ(X,Y ) = 0 for X tangent to Mi and Y tangent to Mj,
i 6= j, then f is a product immersion, that is, there exist isometric immersions
fi :Mi → Emi , 1 ≤ i ≤ k, such that
(2.12) f(x1, . . . , xk) = (f(x1), . . . , f(xk))
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when xi ∈Mi for 1 ≤ i ≤ k.
Let M0, · · · ,Mk be Riemannian manifolds, M = M0 × · · · ×Mk their product,
and πi : M → Mi the canonical projection. If ρ1, · · · , ρk : M0 → R+ are positive-
valued functions, then
(2.13) 〈X,Y 〉 := 〈π0∗X, π0∗Y 〉+
k∑
i=1
(ρi ◦ π0)2 〈πi∗X, πi∗Y 〉
defines a Riemannian metric on M , called a warped product metric. M endowed
with this metric is denoted by M0 ×ρ1 M1 × · · · ×ρk Mk.
A warped product immersion is defined as follows: Let M0×ρ1 M1× · · · ×ρk Mk
be a warped product and let fi : Ni → Mi, i = 0, · · · , k, be isometric immersions,
and define σi := ρi ◦ f0 : N0 → R+ for i = 1, · · · , k. Then the map
(2.14) f : N0 ×σ1 N1 × · · · ×σk Nk →M0 ×ρ1 M1 × · · · ×ρk Mk
given by f(x0, · · · , xk) := (f0(x0), f1(x1), · · · , fk(xk)) is an isometric immersion,
which is called a warped product immersion.
S. No¨lker [110] extended Moore’s result to the following.
Theorem 2.2. Let f : N0×σ1N1×· · ·×σk Nk → RN (c) be an isometric immersion
into a Riemannian manifold of constant curvature c. If h is the second fundamental
form of f and h(Xi, Xj) = 0, for all vector fields Xi and Xj, tangent to Ni and Nj
respectively, with i 6= j, then, locally, f is a warped product immersion.
3. WARPED PRODUCT SUBMANIFOLDS OF RIEMANNIAN
MANIFOLDS
In this section, we present solutions from [42] to the Fundamental Question
mention in Introduction.
For a warped product N1×fN2, we denote by D1 and D2 the distributions given
by the vectors tangent to leaves and fibers, respectively. Thus D1 is obtained from
tangent vectors of N1 via the horizontal lift and D2 obtained by tangent vectors of
N2 via the vertical lift.
Let φ : N1 ×f N2 → Rm(c) be an isometric immersion of a warped product
N1×f N2 into a Riemannian manifold with constant sectional curvature c. Denote
by σ the second fundamental form of φ.
The immersion φ : N1×fN2 → Rm(c) is calledmixed totally geodesic if σ(X,Z) =
0 for any X in D1 and Z in D2.
The following result was proved in [42].
Theorem 3.1. For any isometric immersion φ : N1 ×f N2 → Rm(c) of a warped
product N1 ×f N2 into a Riemannian manifold of constant curvature c, we have
(3.1)
∆f
f
≤ n
2
4n2
H2 + n1c,
where ni = dimNi, n = n1 + n2, H
2 is the squared mean curvature of φ, and ∆f
is the Laplacian f on N1.
The equality sign of (3.1) holds identically if and only if ι : N1 ×f N2 → Rm(c)
is a mixed totally geodesic immersion satisfying traceh1 = traceh2, where traceh1
and traceh2 denote the trace of σ restricted to N1 and N2, respectively.
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The classification of isometric immersions from warped products into a real space
form Rm(c) satisfying the equality case of (3.1) have been obtained in [51].
Theorem 3.1 has many applications [42].
Corollary 3.1. Let N1 and N2 be two Riemannian manifolds and f be a nonzero
harmonic function on N1. Then every minimal isometric immersion of N1 ×f N2
into any Euclidean space is a warped product immersion.
Remark 3.1. There exist many minimal immersion of N1 ×f N2 into Euclidean
spaces. For example, if N2 is a minimal submanifold of S
m−1(1) ⊂ Em, then
the minimal cone C(N2) over N2 with vertex at the origin is a warped product
R+ ×s N2 whose warping function f = s is a harmonic function. Here s is the
coordinate function of the positive real line R+.
Corollary 3.2. Let f 6= 0 be a harmonic function on N1. Then for any Rie-
mannian manifold N2 the warped product N1 ×f N2 does not admits any minimal
isometric immersion into any hyperbolic space.
Corollary 3.3. Let f be a function on N1 with ∆f = λf with λ > 0. Then for
any Riemannian manifold N2 the warped product N1 ×f N2 admits no minimal
isometric immersion into any Euclidean space or hyperbolic space.
Remark 3.2. In views of Corollaries 3.2 and 3.3, we point out that there exist
minimal immersions from N1 ×f N2 into hyperbolic space such that the warping
function f is an eigenfunction with negative eigenvalue. For example, R×ex En−1
admits an isometric minimal immersion into the hyperbolic space Hn+1(−1) of
constant curvature −1.
Corollary 3.4. If N1 is a compact, then N1 ×f N2 does not admit a minimal
isometric immersion into any Euclidean space or hyperbolic space.
Remark 3.3. For Corollary 3.4, we point out that there exist many minimal immer-
sions of N1 ×f N2 into Em with compact N2. For examples, a hypercaternoid in
En+1 is a minimal hypersurfaces which is isometric to a warped product R×f Sn−1.
Also, for any compact minimal submanifold N2 of S
m−1 ⊂ Em, the minimal cone
C(N2) is a warped product R+ ×s N2 which is also a such example.
Remark 3.4. Contrast to Euclidean and hyperbolic spaces, Sm admits minimal
warped product submanifolds N1 ×f N2 with N1 and N2 being compact. The
simplest such examples are minimal Clifford tori defined by
Mk,n−k = Sk
(√
k
n
)
× Sn−k
(√
n−k
n
)
⊂ Sn+1, 1 ≤ k < n.
Remark 3.5. Suceava˘ constructs in [137] a family of warped products of hyperbolic
planes which do not admit any isometric minimal immersion into Euclidean space,
by applying some δ-invariants introduced in [35].
By making a minor modification of the proof of Theorem 3.1 in [42], using the
method of [50], we have the following general solution from [64] to the Fundamental
Question.
Theorem 3.2. If M˜mc is a Riemannian manifold with sectional curvatures bounded
from above by a constant c, then for any isometric immersion φ : N1×f N2 → M˜mc
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from a warped product N1 ×f N2 into M˜mc the warping function f satisfies
∆f
f
≤ n
2
4n2
H2 + n1c,(3.2)
where n1 = dimN1 and n2 = dimN2.
Another general solution to the Fundamental Question is the following result
from [48].
Theorem 3.3 ([55]). For any isometric immersion φ : N1 ×f N2 → Rm(c), the
scalar curvature τ of the warped product N1 ×f N2 satisfies
(3.3) τ ≤ ∆f
n1f
+
n2(n− 2)
2(n− 1) H
2 +
1
2
(n+ 1)(n− 2)c.
If n = 2, the equality case of (3.3) holds automatically.
If n ≥ 3, the equality sign of (3.3) holds identically if and only if either
(1) N1 ×f N2 is of constant curvature c, the warping function f is an eigen-
function with eigenvalue c, i.e., ∆f = cf , and N1 ×f N2 is immersed as a
totally geodesic submanifold in Rm(c), or
(2) locally, N1 ×f N2 is immersed as a rotational hypersurface in a totally
geodesic submanifold Rn+1(c) of Rm(c) with a geodesic of Rn+1(c) as its
profile curve.
Remark 3.6. Every Riemannian manifold of constant curvature c can be locally
expressed as a warped product whose warping function satisfies ∆f = cf . For
examples, Sn(1) is locally isometric to (0,∞)×cosx Sn−1(1); En is locally isometric
to (0,∞)×x Sn−1(1); and Hn(−1) is locally isometric to R×ex En−1.
There are other warped product decompositions of Rn(c) whose warping func-
tion satisfies ∆f = cf . For example, let {x1, . . . , xn1} be a Euclidean coordinate
system of En1 and let ρ =
∑n1
j=1 ajxj + b, where a1, . . . , an1 , b are real numbers sat-
isfying
∑n1
j=1 a
2
j = 1. Then the warped product E
n1 ×ρ Sn2(1) is a flat space whose
warping function is a harmonic function. In fact, those are the only warped product
decompositions of flat spaces whose warping functions are harmonic functions.
4. MULTIPLY WARPED PRODUCT SUBMANIFOLDS
Let (Ni, gi), i = 1, . . . , k, be Riemannian manifolds. For a multiply warped
product manifold N1 ×f2 N2 × · · · ×fk Nk, let Di denote the distributions obtained
from the vectors tangent to Ni (or more precisely, vectors tangent to the horizontal
lifts of Ni). Assume that
φ : N1 ×f2 N2 × · · · ×fk Nk → M˜
is an isometric immersion of a multiply warped product N1 ×f2 N2 × · · · ×fk Nk
into a Riemannian manifold M˜ . Denote by σ the second fundamental form of φ.
Then the immersion φ is called mixed totally geodesic if σ(Di,Dj) = {0} holds for
distinct i, j ∈ {1, . . . , k}.
Let ψ : N1 ×f2 N2 × · · · ×fk Nk → M˜ be an isometric immersion of a multiply
warped product N1×f2 N2× · · ·×fk Nk into an arbitrary Riemannian manifold M˜ .
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Denote by tracehi the trace of σ restricted to Ni, that is
tracehi =
ni∑
α=1
σ(eα, eα)
for some orthonormal frame fields e1, . . . , eni of Di.
An extension of Theorems 3.1 and 3.2 is the following result from [57].
Theorem 4.1. Let φ : N1×f2N2×· · ·×fk Nk → M˜m be an isometric immersion of
a multiply warped product N := N1×f2N2×· · ·×fkNk into an arbitrary Riemannian
m-manifold. Then we have
k∑
j=2
nj
∆fj
fj
≤ n
2(k − 1)
2k
H2 + n1(n− n1)max K˜,(4.1)
where n =
∑k
i=1 ni and max K˜(p) denotes the maximum of the sectional curvature
function of M˜m restricted to 2-plane sections of the tangent space TpN of N at
p = (p1, . . . , pk).
The equality sign of (4.1) holds identically if and only if the following two state-
ments hold:
(1) φ is a mixed totally geodesic immersion satisfying traceh1 = · · · = tracehk;
(2) at each point p ∈ N , the sectional curvature function K˜ of M˜m satisfies
K˜(u, v) = max K˜(p)
for each unit vector u in Tp1(N1) and unit vector v in T(p2,··· ,pk)(N2×· · ·×
Nk).
The following example shows that inequalities (4.1) is sharp.
Example 4.1. Let M1 ×ρ2 M2 × · · · ×ρk Mk be a multiply warped product repre-
sentation of a real space form Rm(c). Assume that ψ1 : N1 → M1 is a minimal
immersion of N1 into M1 and let f2, . . . , fk be the restrictions of ρ2, . . . , ρk on N1.
Then the following warped product immersion:
ψ = (ψ1, id, . . . , id) : N1 ×f2 M2 × · · · ×fk Mk →M1 ×ρ2 M2 × · · · ×ρk Mk ⊂ Rm(c)
is a mixed totally geodesic warped product submanifold of Rm(c) which satisfies
the condition:
traceh1 = · · · = tracehk = 0.
Thus ψ satisfies the equality case of (4.1) according to Theorem 4.1. Therefore
inequality (4.1) is optimal.
By applying Theorem 4.1 we have the following corollaries.
Corollary 4.1. Let φ : N1×f2N2×· · ·×fkNk → Rm(c) be an isometric immersion
of the multiply warped product N1×f2N2×· · ·×fkNk into a Riemannian m-manifold
of constant curvature c. If we have
k∑
j=2
nj
∆fj
fj
=
n2(k − 1)
2k
H2 + n1(n− n1)c,
then φ is a warped product immersion.
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Corollary 4.2. If f2, . . . , fk are harmonic functions on N1 or eigenfunctions of
the Laplacian on N1 with positive eigenvalues, then the multiply warped product
N1 ×f2 N2 × · · · ×fk Nk cannot be isometrically immersed into every Riemannian
manifold of negative sectional curvature as a minimal submanifold.
Corollary 4.3. If f2, . . . , fk are eigenfunctions of the Laplacian ∆ on N1 with
nonnegative eigenvalues and at least one of f2, . . . , fk is non-harmonic, then the
multiply warped product manifold N1 ×f2 N2 × · · · ×fk Nk cannot be isometrically
immersed into every Riemannian manifold of non-positive sectional curvature as a
minimal submanifold.
Corollary 4.4. If f2, . . . , fk are harmonic functions on N1, then every isometric
minimal immersion of the multiply warped product manifold N1×f2 N2×· · ·×fk Nk
into a Euclidean space is a warped product immersion.
Let (N1, g1) and (N2, g2) be two Riemannian manifolds and let σ1 : N1 → (0,∞)
and σ2 : N2 → (0,∞) be differentiable functions. The doubly warped product
N = σ2N1 ×σ1 N2 is the product manifold N1 ×N2 endowed with the metric
g = σ22g1 + σ
2
1g2.
The following result is obtained in [118].
Theorem 4.2. Let φ : σ2N1×σ1 N2 → M˜m be an isometric immersion of a doubly
warped product σ2N1 ×σ1 N2 into an arbitrary Riemannian m-manifold. Then we
have
n2
∆1σ1
σ1
+ n1
∆2σ2
σ2
≤ n
2
4
H2 + n1n2max K˜,(4.2)
where ni = dimNi, n = n1 + n2, ∆i denotes the Laplacian of Ni.
The equality sign of (4.2) holds identically if and only if the following two state-
ments hold:
(1) φ is a mixed totally geodesic immersion satisfying traceh1 = traceh2 and
(2) at each point p = (p1, p2) ∈ N , the sectional curvature function K˜ of M˜m
satisfies K˜(u, v) = max K˜(p) for each unit vector u in Tp1(N1) and unit
vector v in Tp2(N2).
5. ARBITRARY WARPED PRODUCTS IN COMPLEX SPACE FORMS
Now, we present the following results form [45, 47] for arbitrary warped products
submanifolds in non-flat complex space forms.
For arbitrary warped products submanifolds in complex hyperbolic spaces, we
have the following general results from [45].
Theorem 5.1. Let φ : N1×f N2 → CHm(4c) be an arbitrary isometric immersion
of a warped product N1 ×f N2 into the complex hyperbolic m-space CHm(4c) of
constant holomorphic sectional curvature 4c. Then we have
∆f
f
≤ (n1 + n2)
2
4n2
H2 + n1c.(5.1)
The equality sign of (5.1) holds if and only if the following three conditions hold.
(1) φ is mixed totally geodesic,
(2) traceh1 = traceh2, and
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(3) JD1 ⊥ D2, where J is the almost complex structure of CHm.
Some interesting applications of Theorem 5.1 are the following three non-immersion
theorems [45].
Theorem 5.2. Let N1 ×f N2 be a warped product whose warping function f is
harmonic. Then N1 ×f N2 does not admit an isometric minimal immersion into
any complex hyperbolic space.
Theorem 5.3. If f is an eigenfunction of Laplacian on N1 with eigenvalue λ > 0,
then N1 ×f N2 does not admits an isometric minimal immersion into any complex
hyperbolic space.
Theorem 5.4. If N1 is compact, then every warped product N1 ×f N2 does not
admit an isometric minimal immersion into any complex hyperbolic space.
For arbitrary warped products submanifolds in the complex projective m-space
CPm(4c) with constant holomorphic sectional curvature 4c, we have the following
results from [47].
Theorem 5.5. Let φ : N1 ×f N2 → CPm(4c) be an arbitrary isometric immer-
sion of a warped product into the complex projective m-space CPm(4c) of constant
holomorphic sectional curvature 4c. Then we have
∆f
f
≤ (n1 + n2)
2
4n2
H2 + (3 + n1)c.(5.2)
The equality sign of (5.2) holds identically if and only if we have
(1) n1 = n2 = 1,
(2) f is an eigenfunction of the Laplacian of N1 with eigenvalue 4c, and
(3) φ is totally geodesic and holomorphic.
From now on, we denote Sn(1), RPn(1), CPn(4) and CHn(−4) simply by
Sn, RPn, CPn and CHn, respectively.
An immediate application of Theorem 5.5 is the following non-immersion result.
Theorem 5.6. If f is a positive function on a Riemannian n1-manifold N1 such
that (∆f)/f > 3 + n1 at some point p ∈ N1, then, for any Riemannian manifold
N2, the warped product N1×f N2 does not admit any isometric minimal immersion
into CPm for any m.
For totally real minimal immersions, Theorem 5.6 can be sharpen as the follow-
ing.
Theorem 5.7. If f is a positive function on a Riemannian n1-manifold N1 such
that (∆f)/f > n1 at some point p ∈ N1, then, for any Riemannian manifold N2,
the warped product N1 ×f N2 does not admit any isometric totally real minimal
immersion into CPm for any m.
The following examples show that Theorems 5.5, 5.6 and 5.7 are sharp.
Example 5.1. Let I = (−π4 , π4 ), N2 = S1 and f = 12 cos 2s. Then the warped
product
N1 ×f N2 =: I ×(cos 2s)/2 S1
has constant sectional curvature 4. Clearly, we have (∆f)/f = 4. If we define
the complex structure J on the warped product by J
(
∂
∂s
)
= 2(sec 2s) ∂∂t , then
(I ×(cos 2s)/2 S1, g, J) is holomorphically isometric to a dense open subset of CP 1.
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Let φ : CP 1 → CPm be a standard totally geodesic embedding of CP 1 into
CPm. Then the restriction of φ to I ×(cos 2s)/2 S1 gives rise to a minimal isometric
immersion of I ×(cos 2s)/2 S1 into CPm which satisfies the equality case of (5.2) on
I ×(cos 2s)/2 S1 identically.
Example 5.2. Consider the same warped product N1 ×f N2 = I ×(cos 2s)/2 S1 as
given in Example 5.1. Let φ : CP 1 → CPm be the totally geodesic holomorphic
embedding of CP 1 into CPm. Then the restriction of φ to N1×fN2 is an isometric
minimal immersion of N1 ×f N2 into CPm which satisfies (∆f)/f = 3 + n1 iden-
tically. This example shows that the assumption “(∆f)/f > 3 + n1 at some point
in N1” given in Theorem 5.6 is best possible.
Example 5.3. Let g1 be the standard metric on S
n−1. Denote by N1 ×f N2 the
warped product given by N1 = (−π/2, π/2), N2 = Sn−1 and f = cos s. Then the
warping function of this warped product satisfies ∆f/f = n1 identically. Moreover,
it is easy to verify that this warped product is isometric to a dense open subset of
Sn.
Let
φ :Sn
projection−−−−−−→
2:1
RPn
totally geodesic−−−−−−−−−−→
totally real
CPn
be a standard totally geodesic Lagrangian immersion of Sn into CPn. Then the
restriction of φ to N1×fN2 is a totally real minimal immersion. This example illus-
trates that the assumption “(∆f)/f > n1 at some point in N1” given in Theorem
5.7 is also sharp.
A generalized complex space form of constant curvature c and constant type α,
denoted by M(c, α), is an almost Hermitian manifold (M,J, g) whose curvature
tensor R satisfies
(5.3)
R(X,Y, Z,W ) =
1
4
(c+ 3α){g(X,Z)g(Y,W )− g(X,W )g(Y, Z)}
+
1
4
(c− α){g(X, JZ)g(Y, JW )− g(X, JW )g(Y, JZ) + 2g(X, JY )g(Z, JW )}
for some c and α. The class of generalized complex space forms contains all complex
space forms and the nearly Ka¨hler manifold S6.
For warped products submanifold of a generalized complex space form, the fol-
lowing result is obtained in [97].
Theorem 5.8. Let N = NT ×f N⊥ a warped product submanifold of a generalized
complex space form M(c, α). Then
(1) For c ≤ α, one has
(5.4)
∆f
f
≥ n
2
4n2
H2 + n1
c+ 3α
4
,
where ni = dimNi and n = n1 + n2.
(2) For c > α, one has
(5.5)
∆f
f
≥ n
2
4n2
H2 + n1
c+ 3α
4
+ 3
c− α
8
||P ||2,
where PX denotes the part of JX which is tangent to the submanifold.
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The equality case of (5.4) and (5.5) were discussed in [97].
For CR-warped product submanifold of a generalized complex space form, one
has the following result from [4].
Theorem 5.9. Let N = NT ×f N⊥ a CR-warped product submanifold of a gener-
alized complex space form M(c, α). Then we have
||σ||2 ≥ 2p
{
||∇(ln f)||2 + 1
2
∆(ln f) +
h(c− α)
4
}
,
where σ is the second fundamental form) and 2h and p are the real dimensions of
NT and N⊥, respectively.
6. WARPED PRODUCTS AS KA¨HLERIAN SUBMANIFOLDS
Let (zi0, . . . , z
i
αi), 1 ≤ i ≤ s, be homogeneous coordinates of CPαi . Define a
map:
(6.1) Sα1···αs : CP
α1 × · · · × CPαs → CPN , N =
s∏
i=1
(αi + 1)− 1,
which maps a point ((z10 , . . . , z
1
α1), . . . , (z
s
0, . . . , z
s
αs)) in CP
α1 × · · · × CPαs to the
point (z1i1 · · · zsij )1≤i1≤α1,...,1≤is≤αs in CPN . The map Sα1···αs is a Ka¨hler embed-
ding which is known as the Segre embedding. The Segre embedding was constructed
by C. Segre in 1891.
The following results from [28, 58] obtained in 1981 can be regarded as “converse”
to Segre embedding constructed in 1891.
Theorem 6.1. Let Mα11 , . . . ,M
αs
s be Ka¨hler manifolds of dimensions α1, . . . , αs,
respectively. Then every holomorphically isometric immersion
f :Mα11 × · · · ×Mαss → CPN , N =
s∏
i=1
(αi + 1)− 1,
of Mα11 × · · · ×Mαss into CPN is locally the Segre embedding, i.e., Mα11 , . . . ,Mαss
are open portions of CPα1 , . . . , CPαs , respectively. Moreover, f is congruent to the
Segre embedding.
Let ∇¯kσ, k = 0, 1, 2, · · · , denote the k-th covariant derivative of the second
fundamental form. Denoted by ||∇¯kσ||2 the squared norm of ∇¯kσ.
The following result was proved in [28, 58].
Theorem 6.2. Let Mα11 × · · · ×Mαss be a product Ka¨hler submanifold of CPN .
Then
(6.2) ||∇¯k−2σ||2 ≥ k! 2k
∑
i1<···<ik
α1 · · ·αk,
for k = 2, 3, · · · .
The equality sign of (6.2) holds for some k if and only if Mα11 , . . . ,M
αs
s are open
parts of CPα1 , . . . , CPαs , respectively, and the immersion is congruent to the Segre
embedding.
In particular, if k = 2, Theorem 6.2 reduces to the following result of [28].
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Theorem 6.3. Let Mh1 ×Mp2 be a product Ka¨hler submanifold of CPN . Then we
have
(6.3) ||σ||2 ≥ 8hp.
The equality sign of (6.3) holds if and only if Mh1 and M
p
2 are open portions of
CP h and CP p, respectively, and the immersion is congruent to the Segre embedding
Sh,p.
We may extend Theorem 6.3 to the following for warped products.
Theorem 6.4. Let (Mh1 , g1) and (M
p
2 , g2) be two Ka¨hler manifolds of complex
dimension h and p respectively and let f be a positive function on Mh1 . If φ :
Mh1 ×fMp2 → CPN is a holomorphically isometric immersion of the warped product
manifold Mh1 ×f Mp2 into CPN . Then f is a constant, say c. Moreover, we have
(6.4) ||σ||2 ≥ 8hp.
The equality sign of (6.4) holds if and only if (Mh1 , g1) and (M
p
2 , cg2) are open
portions of CP h and CP p, respectively, and the immersion φ is congruent to the
Segre embedding.
Proof. Under the hypothesis, the warped product manifold Mh1 ×f Mp2 is a Ka¨hler
manifold. Therefore, the warping function must be a positive constant. Now, the
theorem follows from Theorem 6.3. 
7. CR-PRODUCTS IN KA¨HLER MANIFOLDS
A submanifold N in a Ka¨hler manifold M˜ is called a totally real submanifold if
the almost complex structure J of M˜ carries each tangent space TxN of N into its
corresponding normal space T⊥x N [61]. The submanifold N is called a holomorphic
submanifold (or Ka¨hler submanifold) if J carries each TxN into itself.
A submanifold N of a Ka¨hler manifold M˜ is called a CR-submanifold [20] if
there exists on N a holomorphic distribution D whose orthogonal complement D⊥
is a totally real distribution, i.e., JD⊥x ⊂ T⊥x N .
A CR-submanifold of a Ka¨hler manifold M˜ is called a CR-product [28] if it is
a Riemannian product NT × N⊥ of a Ka¨hler submanifold NT and a totally real
submanifold N⊥. It is called mixed totally geodesic if the second fundamental form
of the CR-submanifold satisfying σ(X,Z) = 0 for any X ∈ D and Z ∈ D⊥.
For CR-products in complex space forms, the following result from [28] are
known.
Theorem 7.1. We have
(i) A CR-submanifold in the complex Euclidean m-space Cm is a CR-product
if and only if it is a direct sum of a Ka¨hler submanifold and a totally real
submanifold of linear complex subspaces.
(ii) There do not exist CR-products in complex hyperbolic spaces other than
Ka¨hler submanifolds and totally real submanifolds.
CR-products NT ×N⊥ in CP h+p+hp are always obtained from the Segre embed-
ding Sh,p; namely, we have the following results from [28].
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Theorem 7.2. Let NhT×Np⊥ be the CR-product in CPm with constant holomorphic
sectional curvature 4. Then
(7.1) m ≥ h+ p+ hp.
The equality sign of (7.1) holds if and only if
(a) NhT is a totally geodesic Ka¨hler submanifold,
(b) Np⊥ is a totally real submanifold, and
(c) the immersion is given by
NhT ×Np⊥ −→ CP h × CP p
Shp−−−−−−−−−−→
Segre imbedding
CP h+p+hp.
Theorem 7.3. Let NhT ×Np⊥ be the CR-product in CPm. Then the squared norm
of the second fundamental form satisfies
(7.2) ||σ||2 ≥ 4hp.
The equality sign of (7.2) holds if and only if
(a) NhT is a totally geodesic Ka¨hler submanifold,
(b) Np⊥ is a totally geodesic totally real submanifold, and
(c) the immersion is given by
NhT ×Np⊥
totally geodesic−−−−−−−−−−→ CP h × CP p Shp−−−−−−−−−−→
Segre imbedding
CP h+p+hp ⊂ CPm.
8. WARPED PRODUCT LAGRANGIAN SUBMANIFOLDS OF
KA¨HLER MANIFOLDS
A totally real submanifold N in a Ka¨hler manifold M˜ is called a Lagrangian sub-
manifold if dimRN = dimC M˜ . For the most recent survey on differential geometry
of Lagrangian submanifolds, see [37, 41].
For Lagrangian immersions into complex Euclidean n-space Cn, a well-known
result of M. Gromov [74] states that a compact n-manifoldM admits a Lagrangian
immersion (not necessary isometric) into Cn if and only if the complexification
TM ⊗ C of the tangent bundle of M is trivial. In particular, Gromov’s result
implies that there exists no topological obstruction to Lagrangian immersions for
compact 3-manifolds in C3, because the tangent bundle of a 3-manifold is always
trivial.
Not every warped product N1×f N2 can be isometrically immersed in a complex
space form as a Lagrangian submanifold. Therefore, from Riemannian point of
view, it is natural to ask the following basic question.
Problem 8.1. When a warped product n-manifold admits a Lagrangian isometric
immersion into Cn?
For warped products of curves and the unit (n − 1)-sphere Sn−1, we have the
following existence theorem from [33, 38].
Theorem 8.1. Every simply-connected open portion of a warped product manifold
I ×f Sn−1 of an open interval I and a unit (n − 1)-sphere admits an isometric
Lagrangian immersion into Cn.
The Lagrangian immersions given in Theorem 8.1 are expressed in terms of
complex extensors in the sense of [33]. In particular, Theorem 8.1 implies the
following.
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Corollary 8.1. Every warped product surface does admit a Lagrangian isometric
immersion into C2.
Consequently, we have a complete solution to Problem 8.1 for n = 2.
Since all rotation hypersurfaces and real space forms can be expressed, at least
locally, as warped products of some curves and a unit sphere, therefore Theorem
8.1 implies the following
Corollary 8.2. Every rotation hypersurface of En+1 can be isometrically immersed
as Lagrangian submanifold in Cn.
Corollary 8.3. Every Riemannian n-manifold of constant sectional curvature c
can be locally isometrically immersed in Cn as a Lagrangian submanifold.
Remark 8.1. Not every Riemannian n-manifold of constant sectional curvature
can be globally isometrically immersed in Cn as a Lagrangian submanifold. For
instance, it is known from [35] that every compact Riemannian n-manifold with
positive sectional curvature (or with positive Ricci curvature) does not admit any
Lagrangian isometric immersion into Cn.
Remark 8.2. For further results on warped products Lagrangian submanifolds in
complex space forms, see [23].
9. WARPED PRODUCT CR-SUBMANIFOLDS OF KA¨HLER
MANIFOLDS
In this section we present results concerning warped product CR-submanifold in
an arbitrary Ka¨hler manifold. First, we mention the following result from [39].
Theorem 9.1. If N⊥ ×f NT is a warped product CR-submanifold of a Ka¨hler
manifold M˜ such that N⊥ is a totally real and NT a Ka¨hler submanifold of M˜ ,
then it is a CR-product.
Theorem 9.1 shows that there does not exist warped product CR-submanifolds
of the form N⊥×f NT other than CR-products. So, we shall only consider warped
product CR-submanifolds of the form: NT ×f N⊥, by reversing the two factors NT
and N⊥. We simply call such CR-submanifolds CR-warped products [39].
CR-warped products are characterized in [39] as follows.
Proposition 9.1. A proper CR-submanifold M of a Ka¨hler manifold M˜ is locally
a CR-warped product if and only if the shape operator A satisfies
(9.1) AJZX = ((JX)µ)Z, X ∈ D, Z ∈ D⊥,
for some function µ on M satisfying Wµ = 0, ∀W ∈ D⊥.
A fundamental general result on CR-warped products in arbitrary Ka¨hler man-
ifolds is the following theorem from [39].
Theorem 9.2. Let NT ×fN⊥ be a CR-warped product submanifold in an arbitrary
Ka¨hler manifold M˜ . Then the second fundamental form σ satisfies
(9.2) ||σ||2 ≥ 2p ||∇(ln f)||2,
where ∇(ln f) is the gradient of ln f on NT and p = dimN⊥.
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If the equality sign of (9.2) holds identically, then NT is a totally geodesic Ka¨hler
submanifold and N⊥ is a totally umbilical totally real submanifold of M˜ . Moreover,
NT ×f N⊥ is minimal in M˜ .
When M is anti-holomorphic, i.e., when JD⊥x = T⊥x N , and p > 1. The equality
sign of (9.2) holds identically if and only if N⊥ is a totally umbilical submanifold
of M˜ .
If M is anti-holomorphic and p = 1, then the equality sign of (9.2) holds iden-
tically if and only if the characteristic vector field Jξ of M is a principal vector
field with zero as its principal curvature. (Notice that in this case, M is a real
hypersurface in M˜ .) Also, in this case, the equality sign of (9.2) holds identically
if and only if M is a minimal hypersurface in M˜ .
CR-warped products in complex space forms satisfying the equality case of (9.2)
have been completely classified in [39, 40].
Theorem 9.3. A CR-warped product NT ×f N⊥ in Cm satisfies
(9.3) ||σ||2 = 2p||∇(ln f)||2
identically if and only if the following four statements hold:
(i) NT is an open portion of a complex Euclidean h-space C
h,
(ii) N⊥ is an open portion of the unit p-sphere Sp,
(iii) there exists a = (a1, . . . , ah) ∈ Sh−1 ⊂ Eh such that f =
√
〈a, z〉2 + 〈ia, z〉2
for z = (z1, . . . , zh) ∈ Ch, w = (w0, . . . , wp) ∈ Sp ⊂ Ep+1, and
(iv) up to rigid motions, the immersion is given by
x(z, w) =
(
z1 + (w0 − 1)a1
h∑
j=1
ajzj , · · · zh + a(w0 − 1)ah
h∑
j=1
ajzj,
w1
h∑
j=1
ajzj , . . . , wp
h∑
j=1
ajzj , 0, . . . , 0
)
.
A CR-warped product NT ×f N⊥ is said to be trivial if its warping function f
is constant. A trivial CR-warped product NT ×f N⊥ is nothing but a CR-product
NT ×Nf⊥, where Nf⊥ is the manifold with metric f2gN⊥ which is homothetic to the
original metric gN⊥ on N⊥.
The following result from [40] completely classifies CR-warped products in com-
plex projective spaces satisfying the equality case of (9.2) identically.
Theorem 9.4. A non-trivial CR-warped product NT ×f N⊥ in CPm satisfies the
basic equality ||σ||2 = 2p||∇(ln f)||2 if and only if we have
(1) NT is an open portion of complex Euclidean h-space C
h,
(2) N⊥ is an open portion of a unit p-sphere Sp, and
(3) up to rigid motions, the immersion x of NT ×f N⊥ into CPm is the com-
position π ◦ x˘, where
x˘(z, w) =
(
z0 + (w0 − 1)a0
h∑
j=0
ajzj , · · · , zh + (w0 − 1)ah
h∑
j=0
ajzj,
w1
h∑
j=0
ajzj , . . . , wp
h∑
j=0
ajzj, 0, . . . , 0
)
,
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π is the projection π : Cm+1∗ → CPm, a0, . . . , ah are real numbers satisfying
a20 + a
2
1 + · · ·+ a2h = 1, z = (z0, z1, . . . , zh) ∈ Ch+1 and w = (w0, . . . , wp) ∈
Sp ⊂ Ep+1.
The following result from [40] completely classifies CR-warped products in com-
plex hyperbolic spaces satisfying the equality case of (9.2) identically.
Theorem 9.5. A CR-warped product NT×fN⊥ in CHm satisfies the basic equality
||σ||2 = 2p||∇(ln f)||2
if and only if one of the following two cases occurs:
(1) NT is an open portion of complex Euclidean h-space C
h, N⊥ is an open
portion of a unit p-sphere Sp and, up to rigid motions, the immersion is
the composition π ◦ x˘, where π is the projection π : Cm+1∗1 → CHm and
x˘(z,w) =
(
z0 + a0(1− w0)
h∑
j=0
ajzj, z1 + a1(w0 − 1)
h∑
j=0
ajzj , · · · ,
zh + ah(w0 − 1)
h∑
j=0
ajzj, w1
h∑
j=0
ajzj , . . . , wp
h∑
j=0
ajzj, 0, . . . , 0
)
for some real numbers a0, . . . , ah satisfying a
2
0 − a21 − · · · − a2h = −1, where
z = (z0, . . . , zh) ∈ Ch+11 and w = (w0, . . . , wp) ∈ Sp ⊂ Ep+1.
(2) p = 1, NT is an open portion of C
h and, up to rigid motions, the immersion
is the composition π ◦ x˘, where
x˘(z, t) =
(
z0 + a0(cosh t− 1)
h∑
j=0
ajzj, z1 + a1(1− cosh t)
h∑
j=0
ajzj,
. . . , zh + ah(1− cosh t)
h∑
j=0
ajzj , sinh t
h∑
j=0
ajzj , 0, . . . , 0
)
for some real numbers a0, a1 . . . , ah+1 satisfying a
2
0 − a21 − · · · − a2h = 1.
A multiply warped product NT ×f2 N2 × · · · ×fk Nk in a Ka¨hler manifold M˜
is called a multiply CR-warped product if NT is a holomorphic submanifold and
N⊥ = f2N2 × · · · ×fk Nk is a totally real submanifold of M˜ .
Theorem 9.2 was extended in [56] to multiply CR-warped products in the fol-
lowing.
Theorem 9.6. Let N = NT ×f2 N2× · · · ×fk Nk be a multiply CR-warped product
in an arbitrary Ka¨hler manifold M˜ . Then the second fundamental form σ and the
warping functions f2, . . . , fk satisfy
||σ||2 ≥ 2
k∑
i=2
ni||∇(ln fi)||2.(9.4)
The equality sign of (9.4) holds identically if and only if the following four state-
ments hold:
(a) NT is a totally geodesic holomorphic submanifold of M˜ ;
(b) For each i ∈ {2, . . . , k}, Ni is a totally umbilical submanifold of M˜ with
−∇(ln fi) as its mean curvature vector;
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(c) f2N2× · · ·×fk Nk is immersed as mixed totally geodesic submanifold in M˜ ;
and
(d) For each point p ∈ N , the first normal space Imhp is a subspace of J(TpN⊥).
10. CR-WARPED PRODUCTS WITH COMPACT HOLOMORPHIC
FACTOR
When the holomorphic factor NT of a CR-warped product NT×fN⊥ is compact,
we have the following sharp results from [49].
Theorem 10.1. Let NT ×f N⊥ be a CR-warped product in the complex projective
m-space CPm of constant holomorphic sectional curvature 4. If NT is compact,
then
m ≥ h+ p+ hp.
Theorem 10.2. If NT ×fN⊥ is a CR-warped product in CP h+p+hp with compact
NT , then NT is holomorphically isometric to CP
h.
Theorem 10.3. For any CR-warped product NT ×f N⊥ in CPm with compact NT
and any q ∈ N⊥, we have∫
NT×{q}
||σ||2dVT ≥ 4hp vol(NT ),(10.1)
where ||σ|| is the norm of the second fundamental form, dVT is the volume element
of NT , and vol(NT ) is the volume of NT .
The equality sign of (10.1) holds identically if and only if we have:
(1) The warping function f is constant.
(2) (NT , gNT ) is holomorphically isometric to CP
h and it is isometrically im-
mersed in CPm as a totally geodesic complex submanifold.
(3) (N⊥, f2gN⊥) is isometric to an open portion of the real projective p-space
RP p of constant sectional curvature one and it is isometrically immersed
in CPm as a totally geodesic totally real submanifold.
(4) NT×fN⊥ is immersed linearly fully in a linear complex subspace CP h+p+hp
of CPm; and moreover, the immersion is rigid.
Theorem 10.4. Let NT ×fN⊥ be a CR-warped product with compact NT in CPm.
If the warping function f is non-constant, then, for each q ∈ N⊥, we have∫
NT×{q}
||σ||2dVT ≥ 2pλ1
∫
NT
(ln f)2dVT + 4hp vol(NT ),(10.2)
where λ1 is the first positive eigenvalue of the Laplacian ∆ of NT .
Moreover, the equality sign of (10.2) holds identically if and only if we have
(1) ∆ ln f = λ1 ln f .
(2) The CR-warped product is both NT -totally geodesic and N⊥-totally geodesic.
The following example shows that Theorems 10.3 and 10.4 are sharp.
Example 10.1. Let ι1 be the identity map of CP
h and let
ι2 : RP
p → CP p
be a totally geodesic Lagrangian embedding of RP p into CP p. Denote by
ι = (ι1, ι2) : CP
h ×RP p → CP h × CP p
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the product embedding of ι1 and ι2. Moreover, let Sh,p be the Segre embedding of
CP h × CP p into CP hp+h+p. Then the composition φ = Sh,p ◦ ι:
CP h ×RP p (ι1, ι2)−−−−−−−−−−→
totally geodesic
CP h × CP p Sh,p−−−−−−−−−−→
Segre embedding
CP hp+h+p
is a CR-warped product in CP h+p+hp whose holomorphic factor NT = CP
h is a
compact manifold. Since the second fundamental form of φ satisfies the equation:
||σ||2 = 4hp, we have the equality case of (10.1) identically.
The next example shows that the assumption of compactness in Theorems 10.3
and 10.4 cannot be removed.
Example 10.2. Let C∗ = C−{0} and Cm+1∗ = Cm+1−{0}. Denote by {z0, . . . , zh}
a natural complex coordinate system on Cm+1∗ .
Consider the action of C∗ on Cm+1∗ given by
λ · (z0, . . . , zm) = (λz0, . . . , λzm)
for λ ∈ C∗. Let π(z) denote the equivalent class containing z under this action.
Then the set of equivalent classes is the complex projective m-space CPm with the
complex structure induced from the complex structure on Cm+1∗ .
For any two natural numbers h and p, we define a map:
φ˘ : Ch+1∗ × Sp → Ch+p+1∗
by
φ˘(z0, . . . , zh;w0, . . . , wp) =
(
w0z0, w1z0, . . . , wpz0, z1, . . . , zh
)
for (z0, . . . , zh) in C
h+1
∗ and (w0, . . . , wp) in S
p with
∑p
j=0 w
2
j = 1.
Since the image of φ˘ is invariant under the action of C∗, the composition:
π ◦ φ˘ : Ch+1∗ × Sp
φ˘−→ Ch+p+1∗ π−→ CP h+p
induces a CR-immersion of the product manifold NT × Sp into CP h+p, where
NT =
{
(z0, . . . , zh) ∈ CP h : z0 6= 0
}
is a proper open subset of CP h. Clearly, the induced metric on NT ×Sp is a warped
product metric and the holomorphic factor NT is non-compact.
Notice that the complex dimension of the ambient space is h + p; far less than
h+ p+ hp.
11. ANOTHER OPTIMAL INEQUALITY FOR CR-WARPED
PRODUCTS
All CR-warped products in complex space forms also satisfy another general
optimal inequality obtained in [54].
Theorem 11.1. Let N = NhT ×f Np⊥ be a CR-warped product in a complex space
form M˜(4c) of constant holomorphic sectional curvature c. Then we have
(11.1) ||σ||2 ≥ 2p{||∇(ln f)||2 +∆(ln f) + 2hc}.
If the equality sign of (11.1) holds identically, then NT is a totally geodesic
submanifold and N⊥ is a totally umbilical submanifold. Moreover, N is a minimal
submanifold in M˜(4c).
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The following three theorems from [54] completely classify all CR-warped prod-
ucts which satisfy the equality case of (11.1) identically.
Theorem 11.2. Let φ : NhT ×f Np⊥ → Cm be a CR-warped product in Cm. Then
we have
(11.2) ||σ||2 ≥ 2p{||∇(ln f)||2 +∆(ln f)}.
The equality case of (11.2) holds identically if and only if the following four
statements hold.
(1) NT is an open portion of C
h
∗ := C
h − {0};
(2) N⊥ is an open portion of Sp;
(3) There is α, 1 ≤ α ≤ h, and complex Euclidean coordinates {z1, . . . , zh} on
Ch such that f =
√∑α
j=1 zj z¯j ;
(4) Up to rigid motions, the immersion φ is given by
φ =
(
w0z1, . . . , wpz1, . . . , w0zα, . . . , wpzα, zα+1, . . . , zh, 0, . . . , 0
)
for z = (z1, . . . , zh) ∈ Ch∗ and w = (w0, . . . , wp) ∈ Sp ⊂ Ep+1.
Theorem 11.3. Let φ : NT×fN⊥ → CPm be a CR-warped product with dimCNT =
h and dimRN⊥ = p. Then we have
(11.3) ||σ||2 ≥ 2p{||∇(ln f)||2 +∆(ln f) + 2h}.
The CR-warped product satisfies the equality case of (11.3) identically if and
only if the following three statements hold.
(a) NT is an open portion of complex projective h-space CP
h;
(b) N⊥ is an open portion of unit p-sphere Sp; and
(c) There exists a natural number α ≤ h such that, up to rigid motions, φ is
the composition π ◦ φ˘, where
φ˘(z, w) =
(
w0z0, . . . , wpz0, . . . , w0zα, . . . , wpzα, zα+1, . . . , zh, 0 . . . , 0
)
for z = (z0, . . . , zh) ∈ Ch+1∗ and w = (w0, . . . , wp) ∈ Sp ⊂ Ep+1, where π is
the projection π : Cm+1∗ → CPm.
Theorem 11.4. Let φ : NT×fN⊥ → CHm be a CR-warped product with dimCNT =
h and dimRN⊥ = p. Then we have
(11.4) ||σ||2 ≥ 2p{||∇(ln f)||2 +∆(ln f)− 2h}.
The CR-warped product satisfies the equality case of (11.4) identically if and
only if the following three statements hold.
(a) NT is an open portion of complex hyperbolic h-space CH
h;
(b) N⊥ is an open portion of unit p-sphere Sp (or R, when p = 1); and
(c) up to rigid motions, φ is the composition π ◦ φ˘, where either φ˘ is given by
φ˘(z, w) =
(
z0, . . . , zβ, w0zβ+1, . . . , wpzβ+1, . . . , w0zh, . . . , wpzh, 0 . . . , 0
)
for 0 < β ≤ h, z = (z0, . . . , zh) ∈ Ch+1∗1 and w = (w0, . . . , wp) ∈ Sp, or φ˘
is given by
φ˘(z, u) =
(
z0 coshu, z0 sinhu, z1 cosu, z1 sinu, . . . , . . . , zα cosu, zα sinu,
zα+1, . . . , zh, 0 . . . , 0
)
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for z = (z0, . . . , zh) ∈ Ch+1∗1 , where π is the projection π : Cm+1∗1 →
CHm(−4).
12. WARPED PRODUCT CR-SUBMANIFOLDS AND δ-INVARIANTS
Let N be a CR-submanifold of a Ka¨hler manifold with holomorphic distribution
D and totally real distribution D⊥. We define the CR δ-invariant δ(D) of N by
δ(D)(x) = τ(x) − τ(Dx),(12.1)
where τ and τ(D) are the scalar curvature of N and the scalar curvature of the
holomorphic distribution D ⊂ TN , respectively (see [54, 55] for details).
The following result from [55] provides a general optimal inequality involving the
CR δ-invariant for CR-warped submanifolds in complex space forms.
Theorem 12.1. Let N = NT ×f N⊥ be a CR-warped product in a complex space
form M˜h+p(4c) with h = dimC N
T ≥ 1 and p = dimN⊥ ≥ 2. Then
H2 ≥ 2(p+ 2)
(2h+ p)2(p− 1)
{
δ(D)− p∆f
f
− p(p− 1)c
2
}
,(12.2)
where ∆f is the Laplacian of the warping function f and H2 is the squared mean
curvature.
The equality sign of (12.2) holds at a point x ∈ N if and only if there exists
an orthonormal basis {e2h+1, . . . , en} of D⊥x such that the coefficients of the second
fundamental σ with respect to {e2h+1, . . . , en} satisfy
σrrr = 3σ
r
ss, for 2h+ 1 ≤ r 6= s ≤ 2h+ p,
σrst = 0, for distinct r, s, t ∈ {2h+ 1, . . . , 2h+ p}.
All CR-warped products in Ch+p satisfying the equality case of (12.2) identically
are completely classified in [55] as follows.
Theorem 12.2. Let ψ : NT ×f N⊥ → Ch+p be a CR-warped product in Ch+p with
h = dimC N
T ≥ 1 and p = dimN⊥ ≥ 2. Then
H2 ≥ 2(p+ 2)
(2h+ p)2(p− 1)
{
δ(D)− p∆f
f
}
.(12.3)
The equality sign of (12.3) holds identically if and only if, up to dilations and
rigid motions of Ch+p, one of the following three cases occurs:
(a) The CR-warped product is an open part of the CR-product Ch × W p ⊂
Ch × Cp, where W p is the Whitney p-sphere in Cp;
(b) NT is an open part of Ch, N⊥ is an open part of the unit p-sphere Sp,
f = |z1| and ψ is the minimal immersion defined by(
z1w0, · · · , z1wp, z2, . . . , zh
)
,
where z = (z1, . . . , zh) ∈ Ch and w = (w0, . . . , wp) ∈ Sp ⊂ Ep+1;
(c) NT is an open part of Ch, N⊥ is the warped product of a curve and an
open part of Sp−1 with warping function ϕ =
√
c2−1√
2
cn
(
c t,
√
c2−1√
2c
)
, c > 1,
f = |z1|, and ψ is the non-minimal immersion defined by(
z1e
∫ ϕ(ϕ′+ikϕ2)
ϕ2−1
dt
, z1ϕe
ik
∫
ϕdtw1, · · · z1ϕeik
∫
ϕdtwp, z2, . . . , zh
)
,
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with z = (z1, . . . , zh) ∈ Ch, (w1, . . . , wp) ∈ Sp−1(1) ⊂ Ep, and k =√
c4 − 1/2.
13. WARPED PRODUCT REAL HYPERSURFACES IN COMPLEX
SPACE FORMS
We have the following non-existence theorem from [59] for Riemannian product
real hypersurfaces in complex space forms, .
Theorem 13.1. There do not exist real hypersurfaces in complex projective and
complex hyperbolic spaces which are Riemannian products of two or more Riemann-
ian manifolds of positive dimension.
In other words, every real hypersurface in a nonflat complex space form is irre-
ducible.
A contact manifold is an odd-dimensional manifold M2n+1 with a 1-form η such
that η ∧ (dη)n 6= 0. A curve γ = γ(t) in a contact manifold is called a Legendre
curve if η(β′(t)) = 0 along β. Let S2n+1(c) denote the hypersphere in Cn+1 with
curvature c centered at the origin. Then S2n+1(c) is a contact manifold endowed
with a canonical contact structure which is the dual 1-form of the characteristic
vector field Jξ, where J is the complex structure and ξ the unit normal vector on
S2n+1(c).
Legendre curves are known to play an important role in the study of contact
manifolds, e.g. a diffeomorphism of a contact manifold is a contact transformation
if and only if it maps Legendre curves to Legendre curves.
Contrast to Theorem 13.1, there exist many warped product real hypersurfaces
in complex space forms as given in the following three theorems from [44].
Theorem 13.2. Let a be a positive number and γ(t) = (Γ1(t),Γ2(t)) be a unit
speed Legendre curve γ : I → S3(a2) ⊂ C2 defined on an open interval I. Then
x(z1, . . . , zn, t) =
(
aΓ1(t)z1, aΓ2(t)z1, z2, . . . , zn
)
, z1 6= 0(13.1)
defines a real hypersurface which is the warped product Cn∗∗ ×a|z1| I of a complex
n-plane and I, where Cn∗∗ = {(z1, . . . , zn) : z1 6= 0}.
Conversely, up to rigid motions of Cn+1, every real hypersurface in Cn+1 which
is the warped product N ×f I of a complex hypersurface N and an open interval I
is either obtained in the way described above or given by the product submanifold
Cn × C ⊂ Cn × C1 of Cn and a real curve C in C1.
Let S2n+3 denote the unit hypersphere in Cn+2 centered at the origin and put
U(1) = {λ ∈ C : λλ¯ = 1}.
Then there is a U(1)-action on S2n+3 defined by z 7→ λz. At z ∈ S2n+3 the vector
V = iz is tangent to the flow of the action. The quotient space S2n+3/ ∼, under the
identification induced from the action, is a complex projective space CPn+1 which
endows with the canonical Fubini-Study metric of constant holomorphic sectional
curvature 4.
The almost complex structure J on CPn+1 is induced from the complex structure
J on Cn+2 via the Hopf fibration: π : S2n+3 → CPn+1. It is well-known that the
Hopf fibration π is a Riemannian submersion such that V = iz spans the vertical
subspaces.
24 B.-Y. Chen
Let φ : M → CPn+1 be an isometric immersion. Then Mˆ = π−1(M) is a
principal circle bundle overM with totally geodesic fibers. The lift φˆ : Mˆ → S2n+3
of φ is an isometric immersion so that the diagram:
Mˆ
φˆ−−−−→ S2n+3
π
y yπ
M
φ−−−−→ CPn+1
commutes.
Conversely, if ψ : Mˆ → S2n+3 is an isometric immersion which is invariant under
the U(1)-action, then there is a unique isometric immersion ψπ : π(Mˆ) → CPn+1
such that the associated diagram commutes. We simply call the immersion ψπ :
π(Mˆ)→ CPn+1 the projection of ψ : Mˆ → S2n+3.
For a given vector X ∈ Tz(CPn+1) and a point u ∈ S2n+2 with π(u) = z, we
denote by X∗u the horizontal lift of X at u via π. There exists a canonical orthogonal
decomposition:
(13.2) TuS
2n+3 = (Tπ(u)CP
n+1)∗u ⊕ Span {Vu}.
Since π is a Riemannian submersion, X and X∗u have the same length.
We put
(13.3) S2n+1∗ =
{
(z0, . . . , zn) :
n∑
k=0
zkz¯k = 1, z0 6= 0
}
, CPn0 = π(S
2n+1
∗ ).
The following theorem from [44] classifies all warped products hypersurfaces of
the form N ×f I in complex projective spaces.
Theorem 13.3. Suppose that a is a positive number and γ(t) = (Γ1(t),Γ2(t)) is a
unit speed Legendre curve γ : I → S3(a2) ⊂ C2 defined on an open interval I. Let
x : S2n+1∗ × I → Cn+2 be the map defined by
x(z0, . . . , zn, t) =
(
aΓ1(t)z0, aΓ2(t)z0, z1, . . . , zn
)
,
n∑
k=0
zkz¯k = 1.(13.4)
Then
(1) x induces an isometric immersion ψ : S2n+1∗ ×a|z0| I → S2n+3.
(2) The image ψ(S2n+1∗ ×a|z0|I) in S2n+3 is invariant under the action of U(1).
(3) the projection ψπ : π(S
2n+1
∗ ×a|z0| I) → CPn+1 of ψ via π is a warped
product hypersurface CPn0 ×a|z0| I in CPn+1.
Conversely, if a real hypersurface in CPn+1 is a warped product N ×f I of
a complex hypersurface N of CPn+1 and an open interval I, then, up to rigid
motions, it is locally obtained in the way described above.
In the complex pseudo-Euclidean space Cn+21 endowed with pseudo-Euclidean
metric
(13.5) g0 = −dz0dz¯0 +
n+1∑
j=1
dzjdz¯j ,
we define the anti-de Sitter space-time by
(13.6) H2n+31 =
{
(z0, z1, . . . , zn+1) : 〈z, z〉 = −1
}
.
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It is known that H2n+31 has constant sectional curvature −1. There is a U(1)-
action on H2n+31 defined by z 7→ λz. At a point z ∈ H2n+31 , iz is tangent to the
flow of the action. The orbit is given by zt = e
itz with dztdt = izt which lies in the
negative-definite plane spanned by z and iz.
The quotient space H2n+31 / ∼ is the complex hyperbolic space CHn+1 which
endows a canonical Ka¨hler metric of constant holomorphic sectional curvature −4.
The complex structure J on CHn+1 is induced from the canonical complex structure
J on Cn+21 via the totally geodesic fibration: π : H
2n+3
1 → CHn+1.
Let φ : M → CHn+1 be an isometric immersion. Then Mˆ = π−1(M) is a
principal circle bundle overM with totally geodesic fibers. The lift φˆ : Mˆ → H2n+31
of φ is an isometric immersion such that the diagram:
Mˆ
φˆ−−−−→ H2n+31
π
y yπ
M
φ−−−−→ CHn+1
commutes.
Conversely, if ψ : Mˆ → H2n+31 is an isometric immersion which is invariant under
the U(1)-action, there is a unique isometric immersion ψπ : π(Mˆ)→ CHn+1, called
the projection of ψ so that the associated diagram commutes.
We put
H2n+11∗ =
{
(z0, . . . , zn) ∈ H2n+11 : zn 6= 0
}
,(13.7)
CHn∗ = π(H
2n+1
1∗ ).(13.8)
The next theorem from [44] classifies all warped products hypersurfaces of the
form N ×f I in complex hyperbolic spaces.
Theorem 13.4. Suppose that a is a positive number and γ(t) = (Γ1(t),Γ2(t)) is a
unit speed Legendre curve γ : I → S3(a2) ⊂ C2. Let y : H2n+11∗ × I → Cn+21 be the
map defined by
y(z0, . . . , zn, t) = (z0, . . . , zn−1, aΓ1(t)zn, aΓ2(t)zn),(13.9)
z0z¯0 −
n∑
k=1
zkz¯k = 1.(13.10)
Then we have
(1) y induces an isometric immersion ψ : H2n+11∗ ×a|zn| I → H2n+31 .
(2) The image ψ(H2n+11∗ ×a|zn| I) in H2n+31 is invariant under the U(1)-action.
(3) the projection ψπ : π(H
2n+1
1∗ ×a|zn| I) → CHn+1 of ψ via π is a warped
product hypersurface CHn∗ ×a|zn| I in CHn+1.
Conversely, if a real hypersurface in CHn+1 is a warped product N ×f I of a
complex hypersurface N and an open interval I, then, up to rigid motions, it is
locally obtained in the way described above.
14. WARPED PRODUCT CR-SUBMANIFOLDS OF NEARLY KA¨HLER
MANIFOLDS
LetM be an almost Hermitian manifold with metric tensor g and almost complex
structure J . Then, according to A. Gray [73] in 1970, M is called a nearly Ka¨hler
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manifold provided that
(∇XJ)X = 0, ∀X ∈ TM.(14.1)
Historically speaking, nearly Ka¨hler manifolds are exactly the Tachibana manifolds
initially studied in S. Tachibana [141] around 1959.
Nearly Ka¨hler manifolds form an interesting class of manifolds admitting a metric
connection with parallel totally antisymmetric torsion (see [2]).
The best known example of nearly Ka¨hler manifolds, but not Ka¨hlerian, is S6(1)
with the nearly Ka¨hlerian structure induced from the vector cross product on the
space of purely imaginary Cayley numbers O. More general examples of nearly
Ka¨hler manifolds are the homogeneous spaces G/K, where G is a compact semisim-
ple Lie group and K is the fixed point set of an automorphism of G of order 3 [155].
Strict nearly Ka¨hler manifolds obtained a lot of consideration in the 1980s due
to their relation to Killing spinors. Th. Friedrich and R. Grunewald showed in [72]
that a 6-dimensional Riemannian manifold admits a Riemannian Killing spinor if
and only if it is nearly Ka¨hler.
The only known 6-dimensional strict nearly Ka¨hler manifolds are
S6 = G2/SU(3). Sp(2)/SU(2)× U(1), SU(3)/U(1)× U(1), S3 × S3.
In fact, these are the only homogeneous nearly Ka¨hler manifolds in dimension six
[26]. P.-A. Nagy proved in [109] that indeed any strict and complete nearly Ka¨hler
manifold is locally a Riemannian product of homogeneous nearly Ka¨hler spaces,
twistor spaces over Ka¨hler manifolds and 6-dimensional nearly Ka¨hler manifolds.
The non-existence result for warped products N⊥ ×f NT in Ka¨hler manifolds,
Theorem 9.1, was extended in [87, 130] to warped products in nearly Ka¨hler man-
ifolds in the following.
Theorem 14.1. There does not exist a proper warped product CR-submanifold of
the form N⊥ ×f NT with N⊥ a totally real submanifold and NT a holomorphic
submanifold, in a nearly Ka¨hler manifold.
This theorem was further extended in [86] to warped products N ×f NT in a
nearly Ka¨hler manifold with N and NT being Riemannian and holomorphic sub-
manifolds of M˜ , respectively.
Similarly, Theorem 9.3 was also extended in [4, 87, 130] to nearly Ka¨hler manifold
as follows.
Theorem 14.2. Let M = NT ×f N⊥ be a CR-warped submanifold of a nearly
Ka¨hler manifold M¯ . Then we have
(1) The squared norm of the second fundamental form σ satisfies
(14.2) ||σ||2 ≥ 2p||∇ ln f ||2,
where p is the dimension of N⊥.
(2) If the equality in (14.2) holds identically, then NT is a totally geodesic
submanifold, N⊥ a totally umbilical submanifold, and M is a minimal sub-
manifold of M¯ .
It was shown in [84] that there does not exist a proper doubly warped product
submanifold of a nearly Ka¨hler manifold M˜ with one of the factors a holomorphic
submanifold. It also shows that there do not exist doubly twisted product generic
submanifolds of nearly Ka¨hler manifolds in the form f2NT ×f1 N1 such that NT is
holomorphic and N1 is an arbitrary submanifold in M˜ .
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15. WARPED PRODUCT SUBMANIFOLDS IN PARA-KA¨HLER
MANIFOLDS
An almost para-Hermitian manifold is a manifold M˜ equipped with an almost
product structure P 6= ±I and a pseudo-Riemannian metric g˜ such that
P2 = I, g˜(PX,PY ) = −g˜(X,Y ),(15.1)
for vector fields X , Y tangent to M˜ , where I is the identity map. Clearly, it follows
from (15.1) that the dimension of M˜ is even and the metric g˜ is neutral. An almost
para-Hermitian manifold is called para-Ka¨hler if it satisfies ∇˜P = 0 identically,
where ∇˜ is the Levi Civita connection of M˜ . We define ||X ||2 associated with g˜ on
M˜ by ||X ||2 = g˜(X,X).
A pseudo-Riemannian submanifold M of a para-Ka¨hler manifold M˜ is called
invariant if the tangent bundle ofM is invariant under the action of P . M is called
anti-invariant if P maps each tangent space TpM, p ∈ M, into the normal space
T⊥p M (cf. [54]).
A pseudo-Riemannian submanifold M of a para-Ka¨hler manifold M˜ is called a
PR-submanifold if the tangent bundle TM of M is the direct sum of an invariant
distribution D and an anti-invariant distribution D⊥, i.e.,
T (M) = D ⊕D⊥, PD = D, PD⊥ ⊆ T⊥p (M).
A PR-submanifold is called a PR-warped product if it is a warped productN⊤×f
N⊥ of an invariant submanifold N⊤ and an anti-invariant submanifold N⊥.
The notion of PR-warped product submanifolds in para-Ka¨hler manifolds are
introduced and studied in [60]. In particular, the following results were obtained in
[60].
Theorem 15.1. Let N⊤×fN⊥ be a PR-warped product in a para-Ka¨hler manifold
M˜ . If N⊥ is space-like (respectively, time-like) and dim M˜ = dimN⊤ + 2dimN⊥,
then the second fundamental form σ of N⊤ ×f N⊥ satisfies
(15.2) ||σ||2 ≤ 2p||∇ ln f ||2 (respectively, ||σ||2 ≥ 2p||∇ ln f ||2).
If the equality sign of (15.2) holds identically, we have
(15.3) σ(D,D) = σ(D⊥,D⊥) = {0}.
Para-complex numbers were introduced by J. T. Graves in 1845 as a generaliza-
tion of complex numbers. Such numbers have the expression v = x+ jy, where x, y
are real numbers and j satisfies j2 = 1, j 6= 1. The conjugate of v is v¯ = x− jy. The
multiplication of two para-complex numbers is defined by
(a+ jb)(s+ jt) = (as+ bt) + j(at+ bs).
For each natural number m, we put
D
m = {(x1 + jy1, . . . , xm + jym) : xi, yi ∈ R}.
With respect to the multiplication of para-complex numbers and the canonical flat
metric, Dm is a flat para-Ka¨hler manifold of dimension 2m. Once we identify
(x1 + jy1, . . . , xm + jym) ∈ Dm
with (x1, . . . , xm, y1, . . . , ym) ∈ E2mm , we may identify Dm with the para-Ka¨hler
m-plane Pm in a natural way.
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In the following we denote by Sp,Ep and Hp the unit p-sphere, the Euclidean
p-space and the unit hyperbolic p-space, respectively.
The following theorem from [60] completely classifies space-like PR-warped prod-
ucts in Pm which satisfy the equality case of (15.2) identically.
Theorem 15.2. Let N⊤ ×f N⊥ be a space-like PR-warped product in the para-
Ka¨hler (h+ p)-plane Ph+p with h = 12 dimN⊤ and p = dimN⊥. Then we have
||σ||2 ≤ 2p||∇ ln f ||2.(15.4)
The equality sign of (15.4) holds identically if and only if N⊤ is an open part of
a para-Ka¨hler h-plane, N⊥ is an open part of Sp, Ep or Hp, and the immersion is
given by one of the following:
(1) Φ : D1 ×f Sp −→ Ph+p;
(15.5)
Φ(z, w) =
(
z1 + v¯1(w0 − 1)
h∑
j=1
vjzj , . . . , zh + v¯h(w0 − 1)
h∑
j=1
vjzj,
w1
h∑
j=1
jvjzj , . . . , wp
h∑
j=1
jvjzj
)
, h ≥ 2,
with warping function f =
√
〈v¯, z〉2 − 〈jv¯, z〉2, where v = (v1, . . . , vh) ∈
S2h−1 ⊂ Dh, w = (w0, w1, . . . , wp) ∈ Sp, z = (z1, . . . , zh) ∈ D1 and D1 ={
z ∈ Dh : 〈v¯, z〉2 > 〈jv¯, z〉2}.
(2) Φ : D1 ×f Hp −→ Ph+p;
(15.6)
Φ(z, w) =
(
z1 + v¯1(w0 − 1)
h∑
j=1
vjzj , . . . , zh + v¯h(w0 − 1)
h∑
j=1
vjzj,
w1
h∑
j=1
jvjzj , . . . , wp
h∑
j=1
jvjzj
)
, h ≥ 1,
with the warping function f =
√
〈v¯, z〉2 − 〈jv¯, z〉2, where v = (v1, . . . , vh) ∈
H2h−1 ⊂ Dh, w = (w0, w1, . . . , wp) ∈ Hp and z = (z1, . . . , zh) ∈ D1.
(3) Φ(z, u) : D1 ×f Ep −→ Ph+p;
(15.7)
Φ(z, u) =
(
z1 +
v¯1
2
( p∑
a=1
u2a
) h∑
j=1
vjzj , . . . , zh +
v¯h
2
( p∑
a=1
u2a
) h∑
j=1
vjzj ,
u1
h∑
j=1
jvjzj , . . . , up
h∑
j=1
jvjzj
)
, h ≥ 2,
with the warping function f =
√
〈v¯, z〉2 − 〈jv¯, z〉2, where v = (v1, . . . , vh) is
a light-like vector in Dh, z = (z1, . . . , zh) ∈ D1 and u = (u1, . . . , up) ∈ Ep,
Moreover, in this case, each leaf Ep is quasi-minimal in Ph+p.
(4) Φ(z, u) : D2 ×f Ep −→ Ph+p;
(15.8) Φ(z, u) =
(
z1 +
v1
2
p∑
a=1
u2a, . . . , zh +
vh
2
p∑
a=1
u2a,
v0
2
u1, . . . ,
v0
2
up
)
, h ≥ 1,
with the warping function f =
√
−〈v, z〉, where v0 =
√
b1+ ǫj
√
b1 with b1 >
0, D2 = {z ∈ Dh : 〈v, z〉 < 0}, v = (v1, . . . , vh) = (b1 + ǫjb1, . . . , bh + ǫjbh),
ǫ = ±1, z = (z1, . . . , zh) ∈ D2 and u = (u1, . . . , up) ∈ Ep.
In each of the four cases the warped product is minimal in E
2(h+p)
h+p .
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16. CONTACT CR-WARPED PRODUCT SUBMANIFOLDS IN
SASAKIAN MANIFOLDS
An odd-dimensional Riemannian manifold (M, g) is called an almost contact
metric manifold if there exist on M a (1, 1)-tensor field φ, a vector field ξ and a
1-form η such that
φ2X = −X + η(X)ξ, η(ξ) = 1,(16.1)
g(φX, φY ) = g(X,Y )− η(X)η(Y )(16.2)
for vector fields X,Y on M . On an almost contact metric manifold, we also have
φξ = 0 and η ◦ φ = 0. The vector field ξ is called the structure vector field.
By a contact manifold we mean a (2n + 1)-manifold M together with a global
1-form η satisfying η ∧ (dη)n 6= 0 on M . If η of an almost contact metric manifold
(M,φ, ξ, η, g) is a contact form and if η satisfies dη(X,Y ) = g(X,φY ) for all vectors
X,Y tangent to M , then M is called a contact metric manifold. A contact metric
manifold is called K-contact if its characteristic vector field ξ is a Killing vector
field. It is well-known that a contact metric manifold is a K-contact manifold if
and only if
∇Xξ = −φX(16.3)
holds for all vector fields X onM . In fact, an almost contact metric manifold satis-
fying condition (16.3) is also a K-contact manifold. Condition (16.3) is equivalent
to
(16.4) K(X, ξ) = 1
for every unit tangent vector X orthogonal to ξ.
An almost contact metric structure ofM is called normal if the Nijenhuis torsion
[φ, φ] of φ equals to −2dη⊗ξ. A normal contact metric manifold is called a Sasakian
manifold. It can be proved that an almost contact metric manifold is Sasakian if
and only if the Riemann curvature tensor R satisfies
(16.5) R(X,Y )ξ = η(Y )X − η(X)Y
for any vector fields X,Y on M . A Sasakian manifold is also K-contact but the
converse is not true in general if dimM ≥ 5.
A plane section π in TpM is called a φ-section if it is spanned by X and φX ,
where X is a unit tangent vector orthogonal to ξ. The sectional curvature of a
φ-section is called a φ-sectional curvature. A Sasakian manifold with constant
φ-sectional curvature c is said to be a Sasakian space form and is denoted by M˜(c).
A submanifold N normal to ξ in a Sasakian manifold is said to be a C-totally
real submanifold. In this case, it follows that φ maps any tangent space of N into
the normal space, that is, φ(TxN) ⊂ T⊥x N , for every x ∈ N . For submanifolds
tangent to the structure vector field ξ, there are different classes of submanifolds.
We mention the following.
(i) A submanifold N tangent to ξ is called an invariant submanifold if φ pre-
serves any tangent space of M , that is, φ(TxN) ⊂ TxN , for every x ∈ N .
(ii) A submanifold N tangent to ξ is called an anti-invariant submanifold (or
totally real submanifold) if φ maps any tangent space of N into the normal
space, that is, φ(TxN) ⊂ T⊥x N , for every x ∈ N .
30 B.-Y. Chen
(iii) A submanifold N tangent to ξ is called a contact CR-submanifold if it
admits an invariant distribution D whose orthogonal complementary dis-
tribution D⊥ is anti-invariant, that is, TN = D ⊕ D⊥ with φ(Dx) ⊂ Dx
and φ(D⊥x ) ⊂ T⊥x N , for every x ∈ N .
(iv) A contact CR-submanifold N of a Sasakian manifold M˜ is called (contact)
CR-product if it is locally a Riemannian product of a φ-invariant subman-
ifold NT tangent to ξ and a totally real submanifold N⊥ of M˜ .
First, we present the following two results from [76, 104].
Theorem 16.1. Let M˜ be a Sasakian manifold and let N = N⊥ ×f NT be a
warped product CR-submanifold such that N⊥ is a totally real submanifold and NT
an invariant submanifold of M˜ . Then N is a CR-product.
Theorem 16.2. Let N = NT ×f N⊥ be a CR-warped products in a Sasakian
manifold M˜ . Then we have
(1) The squared norm of the second fundamental form of N satisfies
||σ||2 ≥ 2p(||∇(ln f)||2 + 1), p = dimN⊥.(16.6)
(2) If the equality sign of (16.6) holds identically, then NT is a totally geodesic
submanifold and N⊥ is a totally umbilical submanifold of M˜ . Further, N
is a minimal submanifold of M˜ . Moreover, if M˜ is R2m+1 with the usual
Sasakian structure then ln f is an harmonic function.
(3) For the case T⊥N = φD⊥, if p > 1 then the equality sign in (16.6) holds
identically if and only if N⊥ is a totally umbilical submanifold of M˜ .
For contact CR-warped products in Sasakian space forms we have the following
from [104] (see also [76]).
Proposition 16.1. Let N = NT ×f N⊥ be a non-trivial (i.e., f non constant )
complete, simply-connected, contact CR-warped product those second fundamental
form σ satisfies
||σ||2 ≥ 2p(||∇(ln f)||2 + 1)
in a Sasakian space form M˜2m+1(c). Then we have
(1) NT is a totally geodesic Sasakian submanifold of M˜
2m+1(c). Thus NT is a
Sasakian space form N2α+1T (c).
(2) N⊥ is a totally umbilical totally real submanifold of M˜2m+1(c). Hence N⊥
is a Riemannian manifold of constant sectional curvature. Denote it by ǫ.
(3) If p > 1, the function f satisfies
||∇f ||2 = ǫ− c+ 3
4
f2.
The next result from [76] determines the minimum codimension of a contact
CR-warped product with compact invariant factor in an odd-dimensional sphere
endowed with the standard Sasakian structure.
Theorem 16.3. Let N = NT ×f N⊥ be a contact CR-warped product in the (2m+
1)-dimensional unit sphere S2m+1. If NT is compact, then
m ≥ s+ p+ sp,
where dimNT = 2s+ 1 and dimN⊥ = p.
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An easy consequence of Theorem 16.3 is the following.
Corollary 16.1. Let M˜(c) be a Sasakian space form with c < 3. Then there do
not exist contact CR-warped products NT ×f N⊥, with NT a compact invariant
submanifold tangent to ξ and N⊥ a C-totally real submanifold of M˜(c)
The following results from [76, 104] are the contact version of Theorems 10.1 and
10.3.
Theorem 16.4. Let N = NT ×f N⊥ a contact CR-warped product of a Sasakian
space form M˜2m+1(c) such that NT is a (2s+1)-dimensional invariant submanifold
tangent to ξ and N⊥ a p-dimensional C-totally real submanifold of M˜ . Then
(1) The squared norm of the second fundamental form satisfies
||σ||2 ≥ 2p
(
||∇(ln f)||2 −∆(ln f) + c+ 3
2
s+ 1
)
.(16.7)
(2) The equality sign of (16.7) holds identically if and only if we have:
(2.1) NT is a totally geodesic invariant submanifold of M˜(c). Hence NT is a
Sasakian space form of constant φ-sectional curvature c.
(2.2) N⊥ is a totally umbilical totally real submanifold of M˜ . Hence N⊥ is a real
space form of sectional curvature ε ≥ (c+ 3)/4.
An example of contact CR-warped submanifold satisfying the equality case of
(16.7), but not the equality case of (16.6) was constructed in [104]. Also, a contact
version of Theorem 3.2 for warped product submanifolds in Sasakian space forms
was given in [95].
17. WARPED PRODUCT SUBMANIFOLDS IN AFFINE SPACES
If M is an n-dimensional manifold, let f : M → Rn+1 be a non-degenerate
hypersurface of the affine (n+1)-space whose position vector field is nowhere tangent
toM . Then f can be regarded as a transversal field along itself. We call ξ = −f the
centroaffine normal. The f together with this normalization is called a centroaffine
hypersurface.
The centroaffine structure equations are given by
DXf∗(Y ) = f∗(∇XY ) + h(X,Y )ξ,(17.1)
DXξ = −f∗(X),(17.2)
where D denotes the canonical flat connection of Rn+1, ∇ is a torsion-free connec-
tion on M , called the induced centroaffine connection, and h is a non-degenerate
symmetric (0, 2)-tensor field, called the centroaffine metric.
From now on we assume that the centroaffine hypersurface is definite, i.e., h is
definite. In case that h is negative definite, we shall replace ξ = −f by ξ = f for
the affine normal. In this way, the second fundamental form h is always positive
definite. In both cases, (17.1) holds. Equation (17.2) change sign. In case ξ = −f ,
we call M positive definite; in case ξ = f , we call M negative definite.
Denote by ∇ˆ the Levi-Civita connection of h and by Rˆ and κˆ the curvature
tensor and the normalized scalar curvature of h, respectively. The difference tensor
K is defined by
KXY = K(X,Y ) = ∇XY − ∇ˆXY,(17.3)
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which is a symmetric (1, 2)-tensor field. The difference tensor K and the cubic form
C are related by
C(X,Y, Z) = −2h(KXY, Z).
Thus, for each X , KX is self-adjoint with respect to h. The Tchebychev form T
and the Tchebychev vector field T# of M are defined respectively by
T (X) =
1
n
traceKX ,(17.4)
h(T#, X) = T (X).(17.5)
If T = 0 and if we consider M as a hypersurface of the equiaffine space, then M is
a so-called proper affine hypersphere centered at the origin.
If the difference tensor K vanishes, then M is a quadric, centered at the origin,
in particular an ellipsoid if M is positive definite and a two-sheeted hyperboloid if
M is negative definite.
An affine hypersurface φ : M → Rn+1 is called a graph hypersurface if the
transversal vector field ξ is a constant vector field. A result of [111] states that a
graph hypersurfaceM is locally affine equivalent to the graph immersion of a certain
function F . Again in case that h is nondegenerate, it defines a semi-Riemannian
metric, called the Calabi metric of the graph hypersurface. If T = 0, a graph
hypersurface is a so-called improper affine hypersphere.
Let M1 and M2 be two improper affine hyperspheres in R
p+1 and Rq+1 defined
respectively by the equations:
xp+1 = F1(x1, . . . , xp), yq+1 = F2(y1, . . . , yq).
Then one can define a new improper affine hypersphere M in Rp+q+1 by
z = F1(x1, . . . , xp) + F2(y1, . . . , yq),
where (x1, . . . , xp, y1, . . . , yq, z) are the coordinates on R
p+q+1. The Calabi normal
of M is (0, . . . , 0, 1). Obviously, the Calabi metric on M is the product metric.
Following [69] we call this composition the Calabi composition of M1 and M2.
For a Riemannian n-manifold (M, g) with Levi-Civita connection ∇, E´. Cartan
and A. P. Norden studied nondegenerate affine immersions f : (M,∇) → Rn+1
with a transversal vector field ξ and with ∇ as the induced connection.
The well-known Cartan-Norden theorem states that if f is such an affine immer-
sion, then either ∇ is flat and f is a graph immersion or ∇ is not flat and Rn+1
admits a parallel Riemannian metric relative to which f is an isometric immersion
and ξ is perpendicular to f(M) (cf. for instance, [112, p. 159]) (see, also [68]).
In [52, 53], the author studied Riemannian manifolds in affine geometry from
a view point different from Cartan-Norden. More precisely, he investigated the
following.
Realization Problem: Which Riemannian manifolds (M, g) can be immersed
as affine hypersurfaces in an affine space in such a way that the fundamental form
h (e.g. induced by the centroaffine normalization or a constant transversal vector
field) is the given Riemannian metric g?
We say that a Riemannian manifold (M, g) can be realized as an affine hyper-
surface if there exists a codimension one affine immersion from M into some affine
space in such a way that the induced affine metric h is exactly the Riemannian
metric g ofM (notice that we do not put any assumption on the affine connection).
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Warped product submanifolds in affine hypersurfaces was investigated in [52, 53].
In particular, it was shown in [52] that there exist many warped product Riemann-
ian manifolds which can be realized either as graph or centroaffine hypersurfaces.
More precisely, we have the following results from [52].
Theorem 17.1. Let f = f(s) be a positive function defined on an open interval
I. Assume that R, Sn(a2), Hn(−a2), and En are equipped with their canonical
metrics. Then we have:
(a) Every warped product surface I ×f R can be realized as a graph surface in
the affine 3-space R3.
(b) For each integer n > 2, the warped product manifold I ×f Hn−1(−a2) can be
realized as a graph hypersurface in Rn+1.
(c) If f ′(s) 6= 0 on I, then the warped product manifold I ×f En−1, n > 2, can be
realized as a graph hypersurface in Rn+1.
(d) If f ′(s)2 > a2 on I for some positive number a, then the warped product
manifold I ×f Sn−1(a2), n > 2, can be realized as a graph hypersurface in Rn+1.
Theorem 17.2. The following results hold.
(a) If n > 2 and f = f(s) is a positive function defined on an open interval I,
then we have:
(a.1) If f ′(s)2 > f2(s)−a2 on I for some positive number a, then I×fHn−1(−a2)
can be realized as a centroaffine hypersurface in Rn+1.
(a.2) If f ′(s)2 > f(s)2 on I, then I ×f En−1 can be realized as a centroaffine
hypersurface in Rn+1.
(a.3) If f ′(s)2 > f(s)2+a2 on I for some positive number a, then I×f Sn−1(a2)
can be realized as a graph hypersurface in Rn+1.
(b) If n = 2 and f = f(s) is a positive function defined on a closed interval
[α, β], then the warped product surface J ×f R, J = (α, β), can always be realized
as a centroaffine surface in R3.
Theorem 17.3. If a warped product manifold N1×f N2 can be realized as a graph
hypersurface in Rn+1, then the warping function satisfies
∆f
f
≥ − (n1 + n2)
2
4n2
h(T#, T#),(17.6)
where T# is the Tchebychev vector field, n = n1 + n2, n1 = dimN1 and n2 =
dimN2.
The following result characterizes affine hypersurfaces which verify the equality
case of inequality (17.6).
Theorem 17.4. Let φ : N1 ×f N2 → Rn+1 be a realization of a warped product
manifold as a graph hypersurface. If the warping function satisfies the equality case
of (17.6) identically, then we have:
(a) The Tchebychev vector field T# vanishes identically.
(b) The warping function f is a harmonic function.
(c) N1 ×f N2 is realized as an improper affine hypersphere.
An application of Theorem 17.3 is the following.
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Corollary 17.1. If N1 is a compact Riemannian manifold, then every warped
product manifold N1×f N2 cannot be realized as an improper affine hypersphere in
Rn+1.
As an application of Theorems 17.3 and 17.4 we have the following.
Theorem 17.5. If the Calabi metric of an improper affine hypersphere in an affine
space is the Riemannian product metric of k Riemannian manifolds, then the im-
proper affine hypersphere is locally the Calabi composition of k improper affine
spheres.
Theorem 17.3 also implies the following.
Corollary 17.2. If the warping function f of a warped product manifold N1×f N2
satisfies ∆f < 0 at some point on N1, then N1 ×f N2 cannot be realized as an
improper affine hypersphere in Rn+1.
Similarly, for centro-affine hypersurfaces we have the following results from [52].
Theorem 17.6. If a warped product manifold N1 ×f N2 can be realized as a cen-
troaffine hypersurface in Rn+1, then the warping function satisfies
∆f
f
≥ n1ε− (n1 + n2)
2
4n2
h(T#, T#),(17.7)
where n = n1+n2, ni = dimNi, i = 1, 2, ∆ is the Laplace operator of N1, and ε = 1
or −1 according to whether the centroaffine hypersurface is elliptic or hyperbolic.
Theorem 17.7. Let φ : N1 ×f N2 → Rn+1 be a realization of a warped product
manifold N1×f N2 as a centroaffine hypersurface. If the warping function satisfies
the equality case of (17.7) identically, then we have:
(1) The Tchebychev vector field T# vanishes identically.
(2) The warping function f is an eigenfunction of the Laplacian ∆ with eigen-
value n1ε.
(3) N1 ×f N2 is realized as a proper affine hypersphere centered at the origin.
Two immediate consequences of Theorem 17.6 are the following.
Corollary 17.3. If the warping function f of a warped product manifold N1×f N2
satisfies ∆f ≤ 0 at some point on N1, then N1 ×f N2 cannot be realized as an
elliptic proper affine hypersphere in Rn+1.
Corollary 17.4. If the warping function f of a warped product manifold N1×f N2
satisfies (∆f)/f < − dimN1 at some point on N1, then N1×fN2 cannot be realized
as a hyperbolic proper affine hypersphere in Rn+1.
Some other interesting applications of Theorem 17.6 are the following.
Corollary 17.5. If N1 is a compact Riemannian manifold, then every warped
product manifold N1 ×f N2 with arbitrary warping function cannot be realized as
an elliptic proper affine hypersphere in Rn+1.
Corollary 17.6. If N1 is a compact Riemannian manifold, then every warped
product manifold N1×f N2 cannot be realized as an improper affine hypersphere in
an affine space Rn+1.
The following examples show that the results of this section are optimal.
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Example 17.1. Let M = N1×cos sN2 be the warped product of the open interval
N1 = (−π, π) and an open portion N2 of the unit (n− 1)-sphere Sn−1(1) equipped
with the warped product metric:
(17.8) h = ds2 + cos2 s
(
du22 + cos
2 u2du
2
3 + · · ·+
n−1∏
j=2
cos2 ujdu
2
n
)
.
Consider the immersion of M into the affine (n+ 1)-space defined by
(17.9)
(
sin s, sinu2 cos s, . . . , sinun cos s
n−1∏
j=2
cos2 uj , cos s
n∏
j=2
cosuj
)
.
Then M is a centroaffine elliptic hypersurface whose centroaffine metric is the
warped product metric (17.8) and it satisfies T# = 0. Moreover, the warping
function f = cos s satisfies
∆f
f
= 1 = εn1.
Hence, this centroaffine hypersurface satisfies the equality case of (17.7) identically.
Consequently, the estimate given in Theorem 17.6 is optimal for centroaffine elliptic
hypersurfaces.
Example 17.2. Let M = R ×cosh s Hn−1(−1) be the warped product of the real
line and the unit hyperbolic spaceHn−1(−1) equipped with warped product metric:
(17.10) h = ds2 + cosh
2 s
(
du22 + cosh
2 u2du
2
3 + · · ·+
n−1∏
j=2
cosh2 ujdu
2
n
)
.
Consider the immersion of M into the affine (n+ 1)-space defined by(
sinh s, sinhu2 cosh s, . . . , sinhun cosh s
n−1∏
j=2
cosh2 uj, cosh s
n∏
j=2
coshuj
)
.
Then M is a centroaffine hyperbolic hypersurface whose centroaffine metric is the
warped product metric (17.10) and it satisfies T# = 0. Moreover, the warping
function f = cosh s satisfies
∆f
f
= −1 = εn1.
Therefore, this centroaffine hypersurface satisfies the equality case of (17.7) identi-
cally. Consequently, the estimate given in Theorem 17.6 is optimal for centroaffine
hyperbolic hypersurfaces as well.
Example 17.3. Let M = R×s N2 be the warped product of the real line and an
open portion N2 of S
n−1(1) equipped with the warped product metric:
(17.11) h = ds2 + s2
(
du22 + cos
2 u2du
2
3 + · · ·+
n−1∏
j=2
cos2 ujdu
2
n
)
.
Consider the immersion of M into the affine (n+ 1)-space defined by
(17.12) s
(
sinu2, sinu3 cosu2, . . . , sinun
n−1∏
j=2
cos2 uj ,
n∏
j=2
cosuj ,
s
2
)
.
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Then M is a graph hypersurface with Calabi normal given by ξ = (0, . . . , 0, 1) and
it satisfies T# = 0. Moreover, the Calabi metric of this graph hypersurface is given
by the warped product metric (17.11). Clearly, the warping function is a harmonic
function. Therefore, this warped product graph hypersurface satisfies the equality
case of (17.6) identically. Consequently, the estimate given in Theorem 17.3 is also
optimal.
Remark 17.1. Example 17.1 shows that the conditions ∆f ≤ 0 in Corollary 17.3
and the “harmonicity” in Corollary 17.4 are both necessary.
Remark 17.2. Example 17.1 implies that the condition “N1 is a compact Riemann-
ian manifold” given in Corollary 17.6 is necessary.
Remark 17.3. Example 17.2 illustrates that the condition (∆f)/f < − dimN1 given
in Corollary 17.5 is sharp.
Remark 17.4. Example 17.3 shows that the condition ∆f < 0 in Corollary 17.1 is
optimal as well.
18. TWISTED PRODUCT SUBMANIFOLDS
Twisted products B×λF are natural generalizations of warped products, namely
the function may depend on both factors (cf. [30]). When λ depends only on B, the
twisted product becomes a warped product. If B is a point, the twisted product is
nothing but a conformal change of metric on F .
The study of twisted product submanifolds was initiated in 2000 (see [36]). In
particular, the following results are obtained in [36].
Theorem 18.1. If M = N⊥ ×λ NT is a twisted product CR-submanifold of a
Ka¨hler manifold M˜ such that N⊥ is a totally real submanifold and NT is a holo-
morphic submanifold of M˜ , then M is a CR-product.
Theorem 18.2. Let M = NT ×λ N⊥ be a twisted product CR-submanifold of a
Ka¨hler manifold M˜ such that N⊥ is a totally real submanifold and NT is a holo-
morphic submanifold of M˜ . Then we have
(1) The squared norm of the second fundamental form of M in M˜ satisfies
||σ||2 ≥ 2 p ||∇T (ln λ)||2,
where ∇T (lnλ) is the NT -component of the gradient ∇(ln λ) of ln λ and p
is the dimension of N⊥.
(2) If ||σ||2 = 2p ||∇T lnλ||2 holds identically, then NT is a totally geodesic
submanifold and N⊥ is a totally umbilical submanifold of M˜ .
(3) IfM is anti-holomorphic in M˜ and dimN⊥ > 1, then ||σ||2 = 2p ||∇T lnλ||2
holds identically if and only if NT is a totally geodesic submanifold and N⊥
is a totally umbilical submanifold of M˜ .
For mixed foliate twisted product CR-submanifolds of Ka¨hler manifolds, we have
the following result from [36].
Theorem 18.3. Let M = NT ×λ N⊥ be a twisted product CR-submanifold of a
Ka¨hler manifold M˜ such that N⊥ is a totally real submanifold and NT is a holo-
morphic submanifold of M˜ . If M is mixed totally geodesic, then we have
(1) The twisted function λ is a function on N⊥.
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(2) NT × Nλ⊥ is a CR-product, where Nλ⊥ denotes the manifold N⊥ equipped
with the metric gλN⊥ = λ
2gN⊥ .
Next, we provide ample examples of twisted product CR-submanifolds in com-
plex Euclidean spaces which are not CR-warped product submanifolds.
Let z : NT → Cm be a holomorphic submanifold of a complex Euclidean m-
space Cm and w : N1⊥ → Cℓ be a totally real submanifold such that the image of
NT ×N1⊥ under the product immersion ψ = (z, w) does not contain the origin (0, 0)
of Cm ⊕ Cℓ.
Let j : N2⊥ → Sq−1 ⊂ Eq be an isometric immersion of a Riemannian manifold
N2⊥ into the unit hypersphere S
q−1 of Eq centered at the origin.
Consider the map
φ = (z, w)⊗ j : NT ×N1⊥ ×N2⊥ → (Cm ⊕ Cℓ)⊗ Eq
defined by
(18.1) φ(p1, p2, p3) = (z(p1), z(p2))⊗ j(p3),
for p1 ∈ NT , p2 ∈ N1⊥, p3 ∈ N2⊥.
On (Cm ⊕ Cℓ)⊗ Eq we define a complex structure J by
J((B,E)⊗ F ) = (iB, iE)⊗ F, i = √−1,
for any B ∈ Cm, E ∈ Cℓ and F ∈ Eq. Then (Cm ⊕ Cℓ) ⊗ Eq becomes a complex
Euclidean (m+ ℓ)q-space C(m+ℓ)q.
Let us putN⊥ = N1⊥×N2⊥. We denote by |z| the distance function from the origin
of Cm to the position of NT in C
m via z; and denote by |w| the distance function
from the origin of Cℓ to the position of N1⊥ in C
ℓ via w. We define a function λ
by λ =
√
|z|2 + |w|2. Then λ > 0 is a differentiable function on NT × N⊥, which
depends on both NT and N⊥ = N1⊥ ×N2⊥.
Let M denote the twisted product NT ×λ N⊥ with twisted function λ. Clearly,
M is not a warped product.
For such a twisted product NT ×λ N⊥ in C(m+ℓ)q defined above we have the
following.
Proposition 18.1. The map
φ = (z, w)⊗ j : NT ×λ N⊥ → C(m+ℓ)q
defined by (18.1) satisfies the following properties:
(1) φ = (z, w)⊗ j : NT ×λ N⊥ → C(m+ℓ)q is an isometric immersion.
(2) φ = (z, w)⊗ j : NT ×λN⊥ → C(m+ℓ)q is a twisted product CR-submanifold
such that NT is a holomorphic submanifold and N⊥ is a totally real sub-
manifold of C(m+ℓ)q.
Proposition 18.1 shows that there are many twisted product CR-submanifolds
NT ×λ N⊥ such that NT are holomorphic submanifolds and N⊥ are totally real
submanifolds. Moreover, such twisted product CR-submanifolds are not warped
product CR-submanifolds.
38 B.-Y. Chen
19. RELATED ARTICLES
After the publication of [36, 39, 40, 43], there are more than 100 articles on
warped product submanifolds appeared during the last 10 years. To help further
study in this vibrant field of research, we divide those articles into 16 categories
according to their main results as follows.
1. Warped products in Riemannian manifolds: [38, 42, 43, 48, 51, 54, 57, 64,
66, 67, 118, 137].
2. Warped products in (generalized) complex space forms: [23, 32, 33, 34, 39,
40, 43, 44, 45, 46, 47, 49, 54, 55, 56, 57, 59, 63, 97, 100, 122, 123].
3. Warped products in Ka¨hler manifolds: [10, 39, 43, 54, 56, 57, 78, 89, 125,
128, 129].
4. Warped products in nearly Ka¨hler manifolds: [4, 84, 86, 87, 130, 146].
5. Warped products in locally conformal Ka¨hler manifolds: [24, 25, 77, 83, 91,
94, 106, 157].
6. Warped products in para-Ka¨hler manifolds: [54, 60, 130].
7. Warped products in Sasakian manifolds: [1, 9, 76, 101, 95, 104, 105, 108,
113, 114, 117, 120, 133, 141, 143, 148, 150].
8. Warped products in generalized Sasakian manifolds: [3, 79, 81, 87, 93, 108,
116, 139, 143, 148].
9. Warped products in Kenmotsu manifolds: [7, 11, 16, 85, 88, 90, 107, 115,
136, 134, 152].
10. Warped products in cosymplectic manifolds: [18, 75, 80, 82, 121, 132, 142,
149, 147, 148, 151, 153, 156, 157].
11. Warped products in other contact metric manifolds: [5, 6, 15, 17, 70, 79,
81, 108, 120, 133, 138, 141].
12. Warped products in Riemannian product manifolds: [8, 12, 13, 14, 19, 126,
127].
13. Warped products submanifolds in quaternionic manifolds: [98, 99, 154].
14. Warped products in affine space: [52, 53, 54].
15. Twisted products submanifolds: [36, 84, 145].
16. Warped products submanifolds in other spaces: [102, 121, 124, 135, 144].
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